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Summary . This paper shows equivalence and efficiency of the partial likelihood and profile
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1. Introduction

Cox (1972) introduced an proportional hazard model, known as the Cox model, where the
cumulative hazard function of the survival time 7" for a subject with covariate Z € R* is
given by

A(t|Z) = #"ZA() (1)

where A(t) is an unspecified baseline cumulative hazard function. In the same paper, Cox
also proposed an estimation of 3 using partial likelihood. Since then, several authors, Cox
(1975), Tsiatis (1981), Andersen and Gill (1982), Bailey (1983, 1984), Johansen (1983) and
Jacobsen (1984) have tried to justify the method of partial likelihood estimation, and es-
tablish the asymptotic equivalence of the partial likelihood estimator and the maximum
likelihood estimator. We show that the profile likelihood is the most natural way to jus-
tify the partial likelihood in the Cox model and establish the asymptotic properties of its
estimator. Murphy and van der Vaart (2000) discussed asymptotic normality of the pro-
file likelihood estimator by applying an approximate least favorable submodel which was
proposed in their paper. Our approach uses the direct asymptotic expansion of profile
likelihood for the Cox regression model and show the estimator is efficient.

Suppose we observe (X, d, Z) in time interval [0, 7], where X = T'AC, § = lyr<cy}, Z €
RF is a regression covariate, T is a right-censored failure time with cumulative hazard is given
by Equation (1), and C is a censoring time independent of T' given Z and uninformative of
(B,A). Let N(t) = lyx<iso1y, Y(£) = Lixssy and M(t) = N(t) — [7 Y (s)e? ZdA(s). The
log-likelihood for a single observation (X, §, Z) is

0(X,8,Z: 8, A) = (BTZ + log AA(X))5 — e  ZA(X), (2)

where AA(t) = A(t) — A(t—).
For a cdf F, write Epf = [ fdF and define

EFdN(S)

M40 = | B
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The Breslow estimator is given by A(t; 3, F, fo - E’[D;i];[(;% 7 where F}, is the empirical
F,

cdf. If Fp is the cdf at the true value (5o, AO), then A(t; Bo, Fy) = Ao(t). We substitute the
function A(S, F) = A(t; 8, F) in the log-likelihood (Equation (2)) and call it the induced
model. The log-likelihood for an observation (X, d, Z) in the induced model is

ErAN(X) >5eﬁTZ/X EpdN(s) @
0

(X, 5,Z;5,A(5,F)) = (ﬂTZJrlOgW EF[Y(S)GBTZ]

The score function and its derivative at (X, 4, Z) in the induced model are

UX.6.2:0.F) = 2 0(X.5,2:0,A(8.F))

Ep[ZY (t)e?" %]

| {Z i W} {av ) -y (e 2k (5. 7)) ()

and

. o .
f(X,&Z;ﬂ,F):a—ﬁg(X,&Z;ﬂ,F)
_ Ep[Z%%Y ()e? 2] (Br|ZY (t)e? 2])®?

a 7/0 { Ep[Y(t)eFT7]  (Ep[Y(1)e77))?
r T, ®2
—/ {Z— M} Y (t)e® ZdA(t; 8, F). (6)

AN(t) — Y (t)e? 2dA(t; B, F)
H }

Er[Y (t)eP"7Z]

Since A(t; Bo, Fo) = Ao(t), the induced score function at (8o, Fo),

. T eﬁgz .
E(X,é,Z;ﬂO,FO)/O {Z%}dM(t) =:0"(X,6,2) (7)

is the efficient score function ¢* (X, 9, Z) and the efficient information matrix is given by

Iy = —EOE(Xﬁ,Z;ﬁO;FO)
T Bo[zY (1)e?T 2] ¥ T,

where Ey = Ep, is the expectation at the true value (cf. Murphy and van der Vaart (2000)).

We assume
Cl) P(X >7) = Es(Y (7)) >0, and
C2) the range of Z is bounded;

(C1)
(C2)
(C3) the efficient information matrix I is invertible;
(C4)

C4) the empirical cdf F), is y/n-consistent, i.e., v/n(F, — Fy) = Op(1).
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2. Efficiency in Profile and Partial likelihood
The partial likelihood and and the corresponding score equation are given by

) Vi eﬁTZi AN;(t)
L,(B) = H H {Z?_l(}zj(t)eﬁTZj }

i=10<t<r

and

94 _ "[, ErlZY®)e” 7 _
S5108Lu(8) = P /0 {Z T }dN(t)o- (9)

On the other hand, for the empirical cdf F,, P,¢(X, 6, Z; 3, A(B, F,)) gives a version of
profile (log-) likelihood, where ¢(X, §, Z; 3, A) is the log-likelihood for an observation given
by Equation (2) and A(3, F,,) is the Breslow estimator given by Equation (3) . By Equation
(5), the score equation for the profile likelihood is

T eﬁTZ T R
IPn/O {Z—%}{dN(t)—Y(ﬁ)eﬁ ZdA(t;ﬁ,Fn)} - 0. (10)

Since

T[, ErlZy (e’ T2 gA (1 _
]P’n/o {z o }Y(t) dA(t: B, F)) = 0,

the score equations Equation (9) and Equation (10) are the same equation. This establishes
the equivalence of the estimators based on the profile likelihood and the partial likelihood.

The following theorem shows that the estimator based on the profile likelihood and the
partial likelihood are efficient.

THEOREM 1. Suppose (C1)-(C4). The solution (3, to the score equation for the profile
likelihood (Equation (10)) and the solution B3, to the score equation for the partial likelihood

(Equation (9)) are both asymptotically linear estimators with the efficient influence function
(Ig)~10* so that

V(B = Bo) = VAP, (I5) 0% (X, 6, Z) + op(1) > N(0, (I5) ). (11)
where the efficient score 0* and the efficient information I are given by Equations (7) and

(8), respectively.

Proof. Conditions (R0O)—(R3) in Theorem A in Appendix A are verified in Appendix B.
The claim follows from Theorem A. i

3. Discussion

The equivalence of the estimator in the partial likelihood and profile likelihood in the
Cox regression model has been established by Bailey (1983, 1984), Johansen (1983), and
Jacobsen (1984). Asymptotic behavior of the estimator has been studied by Tsiatis (1981)
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and Andersen and Gill (1982). Murphy and van der Vaart (2000)) discussed the profile
likelihood estimator in the Cox regression model to illustrate the method of an approximate
least favorable submodel that was used to establish the efficiency of the profile likelihood
estimator for general semiparametric models. Our approach uses the direct expansion of
profile likelihood (cf. Hirose (2009)) to show the efficiency of the profile likelihood estimator
in the Cox regression model.

Appendix A: Theorem A

This section is a modification of the result in Hirose (2009).

Hadamard differentiability
We say that a map ¢ : By — By between two Banach spaces By and By is Hadamard
differentiable at z if there is a continuous linear map diy(z) : By — Bs such that

Pz +th') —p(x)
t

— dip(x)(h) as t—0 and h' — h.

The map di(z) is called derivative of 1) at x, and is continuous in z. (For reference, see
Gill (1989) and Shapiro (1990).)

Theorem and its assumptions
On the set of cdf functions F, we use the sup-norm, i.e., for F, Fy € F,

|F — Ryl = sup |F(x) — Fo(a)].

For p > 0, let
C, = {F € F:||F - Byl < p}.

Suppose we consider a semi-parametric model of the form

P={p(x;8,n): B€OgCR™, neB,}

where  is the m-dimensional parameter of interest, and 7 is a nuisance parameter, which
may be infinite-dimensional. Let (8o, 70) be the true value of (8,7). We assume Og is a
compact set containing an open neighborhood of 3y in R™, and ©,, is a convex set containing
7o in a Banach space B. The expectation at the true value (8y,70) is denote by Ey.

For amap 7 : ©gxF — ©,, define a model (called the induced model) with log-likelihood
for one observation

U(x; B, F) = logp(z; 3,7(8, F)), B €Op, FeF.
The score function in the induced model is denoted by

iz, 3, F) = a%ax;ﬁ,F). (12)

We assume that:
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(RO) 7 satisfies (5o, Fo) = 1o and the function
* () = Uz, Bo, Fv)

is the efficient score function.

(R1) The empirical process F}, is y/n-consistent, i.e., v/n||F, — Fol| = Op(1), and for
each (B,F) € O3 x F, the log-likelihood function ¢(z; (3, F') is twice continuously
differentiable with respect to 8 and Hadamard differentiable with respect to F' for all
x.

(Derivatives are den9ted by {(z, 5, F) = a—aﬁf(x;ﬁ, F), = %é(m,ﬁ,F), Az, B, F) =
dpl(z; 8, F) and dpl(z, 3, F).)

(R2) The efficient information matrix I = Eo(£*¢*7) is invertible.

(R3) There exist a p > 0 and a neighborhood ©g of Gy such that the class of functions
{E(x, B,F): (B,F) € ©3 x C,} is Donsker with square integrable envelope function,
and such that the class of functions {¢(x, 3, F') : (8, F) € ©5xC,} is Glivenko-Cantelli
with integrable envelope function.

THEOREM A. Suppose sets of assumptions {(R0), (R1),(R2),(R3)}, then a consistent so-
lution (B, to the estimating equation

Ppl(X, B, Fp) =0 (13)

s an asymptotically linear estimator for By with the efficient influence function (15)7155* (x)
so that R . J
V(B — o) = VP (1)1 (X) +op(1) == N (0,(I5) 7).

This demonstrates that the estimator Bn 1s efficient.

Proof.

Since (i) the range of the score operator A(X, B, Fo) = dpl(z; Bo, Fo) = dr logp(x; Bo, 1(5o, Fo))
for F' is in the nuisance tangent space (the tangent space for 7)), and (ii) the function
L(x, By, Fp) is the efficient score function, we have

Eodrl(X, Bo, Fo) = —Eo[¢(X, B, Fo) A(X, B0, Fy)] = 0 (the zero operator). (14)

For F,, and Fj in F, consider a path F}(t) = Fo+t(F,—Fp), t € [0,1]. Then F;{(0) = Fy
and F*(1) = F,,. Under the assumption /n||F,, — Fy|| = Op(1) (condition (R1)), we have
that sup, (o 17 [F}; (1) — Fol = op(1).

By the mean value theorem for vector valued function (cf. Hall and Newell (1979)),

H\/ﬁEoé(X, Bo, Fn)|| .
IVREol(X, Bo, F; (1)) — VnEol(X, Bo, Fy: (0))|

< sup [|[Bodpl(X, Bo, Fyi(t))||v/nl|Fn — Fol|
t€[0,1]
= | Eodrl(X, Bo, Fo) + 0p(V)[|Vnl| Fn — Fo|| (since sup |Fy(t) — Fo| = op(1))

te0,1]
= o, (1)VllFu — Fo|| (by Equation (14))
= op(1) (since vn||F, — Fo| = Op(1)). (15)
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Since the functions é(z,B,F) and E(x,ﬂ, F) are continuous at (G, Fp), and they are
dominated by the square integrable function and the integrable function, respectively, by

dominated convergence theorem, for every (G, F¥) Sl (Bo, Fo), we have
: o P
Eollt(X, Bo, Fy) — €(X, Bo, Fo)||* = 0.

and . . P
EOHE(Xvﬁ:wFs) - f(X,ﬁO,Fo)H — 0.

Together with condition (R3), this implies that
ViR, {EX, B0, Fu) = 10X, Bo, Fo) } = Vo { (X, Bo, Fu) = €(X. o, Fo) } +0p(1) (16)
by Lemma 13.3 in Kosorok (2008), and for every (5, F) Eil (Bo, Fo),
P l(X, 85, Fy) = Bol(X, o, Fo) = ~I;. (17)
By combining Equation (15) and (16), we get
VIPU(X, Bo, Fr) = VP (X, Bo, Fo) + op(1). (18)
Finally, by Taylor’s expansion, for some 3% with ||3% — Gyl < 118 — Bol| Eit 0,
0 = VaP.l(X, B, Fy)
VIBLE(X, o, F) + Bul(X, B, Fo)v/1(Bn — fo)
= VnPal(X, o, Fo) + op(1) + {15 + op()}vn(5n — Bo)
where the last equality is by Equations (17) and (18). Hence, by condition (R2),
ViBa = Bo) = (I5)"'VnPul(X, Bo, Fo) + op(1){1 + vn(Bn — Bo)}-
Since (I3)~'v/nP,l(X, Bo, Fo) = Op(1), this equality implies v/n (3, — o) = Op(1) and
V(B — o) = (I5)" VP l(X, Bo, Fo) + op(1).

Appendix B: Proof of Theorem 1

To prove Theorem 1, Conditions (R0)—(R3) in Theorem A (in Appendix A) are verified
here.

Condition (R0): This condition is verified by two lines below Equation (3) and Equation
(7).

Condition (R1): Equation (4) is twice continuously differentiable with respect to 8 with
the first and second derivatives (5) and (6). We show that Equation (4) is Hadmard differ-
entiable with respect to F. Suppose A; be a path such that A; — A and t71{A; — A} — ¢
ast | 0. Then, ast | O,

(2, 8, 2, 8, Ay) — £(x, 6,2, 3,A)}
= 0t Hlog AAi(z) —log AA(z)} — eﬂlz(tfl{At(x) —A(2)})

BI@) _ 0% 0(2) = [dab(6, 2 B, A)](9) a).

6AA(:L‘)
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This shows £(x, d, z; 8, A) is Hadmard differentiable with respect to A.

If we show Hadamard differentiability of the function A(t; B, F) (defined by Equation
(3)) with respect to F, then, by the chain rule of Hadamard differentiable maps, Equation
(4) is Hadamard differentiable with respect to F.

Suppose F; be a path such that F; — F and t"*{F, — F} — hast | 0. Then, as t | 0,

t7 {A(si 8, F) — As: 8, F) |
_ ) [ _ErdN(u) S EpdN(u)
- W/ peaa)

H/ Eth 7/5 EpdN (u)Ep[Y (u)e®” 7]
Ep[Y (w)e?"7]) Z]) o (EplY(u)e7])?

= [drA(B, F))(h)(s),

Therefore, the function A(t; 3, F) is Hadamard differentiable with respect to F and
hence Condition (R1) is verified.
Condition (R2): We assumed that the efficient information matrix given by Equation (8)
is invertible (C3).
Condition (R3): Let F be the set of cdf functions and for some p > 0 define C, = {F €
F ||F — Folleo < p}. We show that the class

{I(X,0,Z;3,F): B ©,FecC,}

is Donsker with square integrable envelope function and the class
{Z(X,a,z;g,F) BEO,Fe cp}

is Glivenko-Cantelli with integrable envelope function.

The set of cdf functions F is uniformly bounded Donsker. Hence the subset C, C F is
uniformly bounded Donsker.

We assumed Z is bounded. The classes of functions {Z}, {N(¢) : t € [0,7]} and
{Y(t) : t € [0,7]} are uniformly bounded Donsker. The class {377 : 3 € O}, with the
compact set O, is uniformly bounded Donsker. It follows from f(z) = e® is a Lipschitz
continuous function that {eﬁTZ : B € O} is uniformly bounded Donsker.

By Example 2.10.8 in van der Vaart and Wellner (1996), the class of functions {Y(t)eﬁTZ :
t €10,7],3 € ©} is uniformly bounded Donsker. Since the map (f,F) — Erf = [ fdF
is Lipschitz, by Theorem 2.10.6 in van der Vaart and Wellner (1996), {Ep (Y (t)e? %) :
t € [0,7],8 € ©,F € C,} is Donsker since it is uniformly bounded. Similarly, the class
{Ep(N(t)):t €]0,7], F € C,} is uniformly bounded Donsker.

We assumed P(X > 7) = Ey(Y (7)) > 0. Since the map F — Epf = [ fdF is
continuous, there are p > 0 and p; > 0 such that for all I’ € C,,,

Er(Y (1)) > p1 > 0.

Since Z is bounded and £ is in the compact set ©, 0 < m < eB"Z < M for some 0 < m <
M < oco. It follows that

0< prm < mEp(Y(s)) < Ep(Y(s)e® 2) < MEp(Y(s)) < M < oc.
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By Example 2.10.9 in van der Vaart and Wellner (1996), the class

1
Er(Y(t)ef"2)

is uniformly bounded Donsker.
Since the map (f,F) — Erf = [ fdF is Lipschitz, by Theorem 2.10.6 in van der Vaart
and Wellner (1996), the class of functions

Lo _[" dEp[N(s)]
{A(t,ﬂ,F)/O W.tG[O,T],BGG,FECP}

‘te [O,T],ﬁe(a,FeCp}

is uniformly bounded Donsker.
By Examples 2.10.7, 2.10.8 and 2.10.9 in van der Vaart and Wellner (1996), the class

{N(t) —Y(@)P A B, F)te0,7],8€0,F € cp}

is uniformly bounded Donsker.
Clearly, the class of functions

{Z  Ep[2Y ()" 7]

Bryerz) CEOTE CP}

is uniformly bounded Donsker.
Again, since the map (f, F) — [ fdF is Lipschitz, by Theorem 2.10.6 in van der Vaart
and Wellner (1996), the class of functions

. T eBTZ T R
{e(x, 5,7: 8, F) = /O {Z - %} {dN(t) —Y (1) ZdA(t;ﬂ,F)} Be6,F¢ cp}

is uniformly bounded Donsker and hence it has square integrable envelope function.
Similarly, we can show that

{E(X,(s,z;g,F) BEO,F ecp}

is uniformly bounded Donsker, hence it is Glivenko-Cantelli with integrable envelope func-
tion.
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