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1. Introduction.

Suppose we have data (z,y) whose unconditional distribution is given by f(y|z,0)g(x),
where f(y|z,0) is a regression model representing the conditional distribution of y given
xz, and ¢ is the unconditional density of z, assumed not to involve 6. The goal is the
estimation of 6.

If the data are sampled from this joint distribution, no difficulties arise: the function
g does not enter the likelihood calculations for the estimation of #. On the other hand, if
the probability an individual is selected in the sample depends on y (the response-selective
case), then things are not so simple and g must be included in the analysis.

In a series of papers, Scott and Wild (1986, 1997, 2001) and Wild (1991) have devel-
oped a methodology to handle this latter case, in which the function g is treated non-
parametrically. Their method can be applied to a variety of response-selective sampling
methods, including simple and stratified case-control studies. The method also permits the
incorporation of supplementary prospective samples from the joint distribution of (x,y)
or the marginal distribution of x.

In this paper, we present a demonstration that the Scott-Wild method attains full
non-parametric efficiency in all these situations. The efficiency of these methods has been
demonstrated in special cases by several authors. For example, Breslow, Robins and
Wellner (2000) consider case-control sampling, assuming that the data are generated by
Bernoulli sampling, where either a case or control is selected by a randomisation device



with known selection probabilities, and the covariates of the resulting case or control are
measured. In the case of two-phase outcome-dependent sampling, Breslow, McNeney and
Wellner (2003) apply the missing value theory of Robins, Rotnitzky and Zhao (1994) and
Robins, Hsieh and Newey (1995). Here, individuals in the population are selected at
random and their status (e.g. case or control) is determined. Then with a probability
depending on their status, the covariates are measured or not. The unobserved covariates
are treated as missing data.

In the present paper, we present a unified method that enables us to demonstrate
the efficiency of the Scott-Wild approach in a simple way. We use an adaptation of the
the profile likelihood method due to Newey (1994) to derive a semi-parametric efficiency
bound, and then show that this bound coincides with the asymptotic variance of the
Scott-Wild estimator, hence demonstrating the efficiency of the estimator.

The paper is structured as follows. In Section 2, we describe the Scott-Wild approach
in more detail, discuss some special cases, and discuss the asymptotic variance of the Scott-
Wild estimator. In Section 3, we sketch the theory of semiparametric efficiency that we
require, and present an extension of Newey’s (1994) characterisation of the efficiency bound
in terms of a “expected population profile likelihood” to the case of multiple samples. We
then use this theory to demonstrate the efficiency of the Scott-Wild estimator by showing
that the efficiency bound for this problem coincides with the asymptotic variance. Some
further comments on special cases are made in Section 5, and proofs and other derivations
are in Section 6.

2. The Scott-Wild approach to generalized case-control studies.
In this section we review the Scott-Wild methodology and give an expression for the
asymptotic variance of their estimates.

We assume that the population is divided into K disjoint strata, and that that the
stratum membership is completely determined by an individual’s response and covariate
vector, (although it typically depends on the response and only some, perhaps even none,
of the covariates. )

Data are gathered according to the following two-phase stratified sampling scheme:
In the first phase of sampling, a prospective sample of size N is taken from the whole
population, but only the stratum membership is recorded. Suppose N of the N sampled
in this first stage fall in stratum k, for k = 1,..., K. In the second phase, for each stratum
k, a simple random sample of size n;. is taken from the IV} individuals sampled in the first
phase, and the covariates and responses are measured. Note that the density of  and y
conditional on being a member of stratum k is

Ii(z,y) f(ylz,0)9(2)/Qk, k=1,..., K, (1)

where Qi = [ [ Ix(z,y) f(ylz,0)g(x) dx dy, f(y|z,0) is the conditional density of y given
x, g is the marginal density of  and [ is a stratum indicator. It is also convenient to
introduce the notation Qx(z,0) = [ Ix(z,y)f(y|z,0)dy, so that Q = [ Qk(z,0)g(z) dx.



Thus Qg(z, ) is the probability an individual with covariate vector x will be in stratum
k, and Q) is the unconditional probability that an individual will be in stratum k. In
addition, we assume that these data are supplemented by additional observations taken
prospectively from the joint distribution of (X,Y’), the unconditional distribution of X,
together with futher individuals sampled prospectively with only the stratum observed.

As explained in Scott and Wild (2001), the log-likelihood for this problem is of the
form

K
> log f(yla,0) + Y logg(x) + Y mylog Qs (2)
A B k=1
where A is the set of individuals who contribute a term log f(y|z,0) to the likelihood
(i.e. those in either a prospective sample from the joint distribution, or in one of the
second-stage samples), B consists of those in either a prospective sample from the joint
distribution, a prospective sample from the conditional distribution, or in one of the
second-stage samples, and my, is a count to which prospectively sampled individuals with
only the stratum observed contribute +1, and second stage individuals contribute —1.

This general formulation covers a variety of special cases. These include

1. The simple case-control study. Separate samples of cases and controls are taken
from the case and control populations respectively. Thus there are two strata (cases
and controls), no first stage sample (or rather the first stage sample is the whole
population) and no supplementary prospective samples.

2. Two-stage case-control study. A first stage random sample is taken, and the sampled
individuals identified as cases and controls. Then for the second stage of the study,
sub-samples are taken from the case and control samples taken at the first stage. No
supplementary prospective sampling is done.

3. Two-stage sampling design. (White, 1982, Zhao and Lipsitz, 1992). A first stage
sample is taken, and divided into a finite number of strata on the basis of the response
and certain of the covariates. At the second stage, separate sub-samples are taken
from each stratum and futher covariates are measured. Again, no supplementary
prospective sampling is done. The two-stage case-control study above is a special
case, with strata defined by cases and controls.

4. Reusing data from case-control studies (Lee, McMurchy and Scott, 1997, Jiang, Scott
and Wild, 2006). A two-stage case control study is performed. Subsequent to the
completion of the study, the data are reanalysed with a discrete covariate measured
at the first stage in the first analysis now being used as a discrete response in the
second analysis.

5. Case-augmented sampling. (Lee, Scott and Wild, 2006). Here a prospective sample
is taken from the joint distribution of (z,y), where y denotes case or control. In



addition, an additional sample of cases is taken, and the covariates x measured. A
variation is to only measure the covariate in the prospective sample. There is no
first stage sample, as the case control status is assumed known for all individuals in
the population.

6. Family studies.(Whittemore, 1995, Neuhaus, Scott and Wild, 2002). Here the sam-
pling units are families and a binary response is measured on family members. A
first stage sample is taken, and the families are assiged to strata on the basis of the
binary responses. Second stage sub-samples are taken from the seperate strata. No
supplementary prospective samples are taken.

7. Case control study augmented with population data. A one- or two-stage case-control
study can be augmented with additional prospective data, for example from routinely
collected information in hospital records.

8. Missing data problems. (Robins et al. 1995, Lawless, Kalbfleisch and Wild, 1999)
Suppose we have a discrete response variable y and a discrete covariate v. We sample
y, v prospectively, and for each unit sampled, with probability m(y,v) we measure
the value of a more expensive covariate z, which may be continuous or discrete. The
goal is to fit a model representing the conditional distribution of y, given v and z.

9. Analysis of survival and reliability data (Kalbfleisch and Lawless, 1988, Hu and Law-
less, 1996). Here the strata are formed by censored and non-censored observations.
The covariates are available for the all the non-censored observations, but covariate
information is available on only some of the censored observations.

The general sampling scheme considered above is equivalent (in the sense of having
the same likelihood and asymptotics) to taking J = K + 3 independent samples, namely

1. A sample of ny individuals sampled unconditionally with only the stratum observed,
i.e. from a multinomial distribution with density

pl(x7y797g): il ;é{ (3)

Here the z’s are stratum indicators with zp = I (z, y) having value 1 if an observation

is in stratum k, and zero otherwise. Let ngk) be the number falling into stratum k.

2. A sample of ns individuals sampled prospectively from the unconditional joint dis-
tribution of (X,Y), with density pa2(z,y,0,9) = f(y|z,0)g(x).

3. A sample of n3 individuals sampled prospectively from the unconditional distribution
of X, with density ps3(x,y,0,9) = g(z).

4. For k =1,..., K we have samples of size nflk) from the distribution of (X,Y") condi-

tional on being in stratum k, with densities given by the formula
p4,k(xa Y, eag) = Ik(xvy)f(y’xv Q)QO(x)/Qka k= 1,...,K.



The density g is an infinite-dimensional nuisance parameter. We will also assume that
n1Qro > nflk), corresponding to the fact that N, > ni. Note that under this sampling
scheme, we can combine the prospectively sampled individuals for which stratum mem-
bership only is observed and the first stage individuals into one group. In the rest of the
paper we work with this alternative sampling scheme.

Let N = ny +no+ng + Zle nflk), let p = (p1,...,px_1)" be an arbitrary vector,
and let Qx(p), k = 1,..., K be a set of probabilities defined by Zszl Qr(p) = 1 and
log(Qk/QK) = Pk, k= 1, e ,K — 1.

Scott and Wild (2001) show that the the profile likelihood obtained by maximizing (2)
over g for fixed 6 is of the form [*(0, pg), where

Zlogf ylz, 0) Zlog{z,uk p)Qi(x,0) }—I—Z —7’L4 long( ), (4)

M;(CN) (p) = N~"H{ny +ng +n3 — (ngk) - né(lk))/Qk( )} and pg satlsﬁes S~ = 0. It follows
that é, the MLE of 6, is the “0” part of the solution to the estimating equatlon
ol*
— =0 5
5 =0 5)

where ¢ = (67, p")T. Thus, for the purposes of estimation, we can treat [* as if it were
an ordinary log-likelihood.

This also extends to the estimation of standard errors: we can estimate the covariance
matrix of 6 by the 66 block of the “pseudo information matrix” (J *)_1, where

o%1*
- 9904T

*

The consistency of this estimate is demonstrated in the following result:

THEOREM 1. Let I* = —plimy_.oo N lazalqﬁT Partition T* as
Ip@ Ipp
Then X
Jim NVar(0) = (T — T, L, T) " (6)

This result is stated in Scott and Wild (2001) but no proof in this general case seems to
have appeared in the literature. We sketch a proof in Section 6.1.

3. Information bounds via profile likelihood for the multi-sample case.



In this section, we first give a short account of the theory of semi-parametric efficiency
in the multi-population case and describe how to calculate the efficiency bound. We then
apply this theory to prove the efficiency of the Scott-Wild estimator.

3.1 The efficiency bound - general case Suppose we have J populations. Random
sampling from these populations is supposed to be governed by a set of J densities p;o =
pj(x,00,7m0) which are contained in the family of densities

P=A{pj(z,0,n):j=1,....,J; 0 € B; ne N}

where 6 is a k-dimensional parameter belonging to a set B and 7 is an infinite dimensional
parameter, belonging to a set A. We also assume that we have available a sample of
size n; from population j. All asymptotics are done assuming that n;/n — w;, where
n=ni+---+ny.

Suppose the jth sample is X;;,7 =1,2,...,n; and that 0 is a regular! asymptotically
linear estimate (RAL estimate) of § based on these J samples, so that there are functions
¢; with

J
Vil = 00) =n 2NN " 65(Xi) + 0, (1). (7)
j=1i=1
The functions ¢; are called the influence functions of the estimate and the asymptotic
variance of the estimate is

J
Avar(f) = ijEj(¢j¢;r)v
j=1

where F; denotes expectation with respect to pjo. Note that the influence functions are
assumed to satisfy F;[¢;] = 0. The efficiency bound for this family of densities is a matrix

B such that Avar(f) > B for all RAL estimates of §. The matrix B is found as follows:
Let G be a finite-dimensional set of dimension 7 say, so that

{pj(x,0,n(v)):j=1,...,J; 6 € B; v G}

is a finite-dimensional sub-family of P, assumed to contain the true model p;o. Consider
the vector-valued score functions

j._ 9logp;(z,8,1(7))
M a,_y

whose elements are assumed to be members of La(Pjy), where Pjy is the measure cor-

responding to p;(x,0p,7n0). Consider also the space Loy (Pjo), the space of all Rj-valued

functions square-integrable with respect to Pjg, and the Cartesian product H of these

spaces, equipped with the norm defined by

)

J
||<f1,...,Qk>|r%=ij/r|Qk||2deo.
=1

!See Bickel et al. (1993) p18 for the definition of a regular estimate.



The subspace of H generated by the score functions (il,n, ol Jn) is the set of all vector-
valued functions of the form (AZ'L777 LAl Jn) Where A ranges over all k& by r matrices.
Thus, to each finite-dimensional sub-family of P, there corresponds a score function and
subspace of H generated by the score function. The closure in H of the union (over all such
sub-families) of all these subspaces is called the nuisance tangent space and is denoted by
7,. This space is fundamental to the definition of the efficiency bound.

Now consider the score functions

_ Ologp;(x,0,n)
7 09 '

Note that ig = (l‘lgg,...,l:]ﬂ) is also a member of H. The projection of ijg onto the
orthogonal complement of 7;, is called the efficient score, and is denoted by l;-‘. The
matrix B (the efficiency bound) is given by

Zw] B[, (8)

The functions Bfll'; are called the efficient influence functions, and any multi-sample
RAL estimate having these influence functions is asymptotically efficient.

To find the efficient score, we use the following extension of Newey’s 1994 i.i.d. result
characterizing the efficient score in terms of the “population expected log-likelihood”.

THEOREM 2. For fized 0, let 7)(0) be the mazimiser in N of the “population expected
log-likelihood”

Zw] i[log pj (X, 0,m)]. (9)

Then the efficient scores are

J 00 9=6o ’

A proof of this theorem is given in Section 6.2.

The distributions p;(z, §,7(6)) are called the least favourable distributions for the prob-
lem: they are essentially the distributions having finite dimensional parameters for which
the MLE’s have the largest possible variance (and attain the information bound). In the
case of the response-selective sampling schemes we consider in the rest of the paper, it turns
out that the least favorable distributions have a special form that allows the information
bound to be calculated very simply.

3.2 The information bound for generalised response-selective studies.
In this section we apply the theory of Section 3.1 to regression models for data obtained
by the various forms of response-selective sampling described in Section 2. To calculate



the information bound, we first calculate the expected log-likelihood. Denote expectation
with respect to the unconditional distributions by E and with respect to the distribution
conditional on being in stratum k by Ej, taken at the true values 6y and gg of 6 and g.
We also assume that nj/N — wj, j =1,...,3, and nflk)/N — wflk), k=1....,K where
N=mny+ng+n3+ i, nik). The expected log-likelihood (9) takes the form

K

> wiE[Zlog Qx] + wa Ellog{f (Y |X,0)g(X)}] + w3E[log 9(X)]
k=1

K
+ Y wi?{ Eullog 1n(X, Y)F(Y]X, 0)] + Eillog g(X)] — log Qi |,
k=1

which up to a term not involving g can be written
K
[1089@)Q" @gnlw) o+ > cxlog (10)
k=1

where C = lekO — wik), Q*(a:) = Zle(wg + ws + wl(lk)/Qko)Qk(x,g()) and QkO =
[ Qi(z,60)go dz. We need to maximize (10) over g with 6 held fixed.

We first assume that the distribution of X is discrete with finite support {z1,...,z1},
putting mass g; at x;. Then we can write (10) as

ZlOngQ 1) go (1 +ZCk10g{Zngk xy, )}- (11)

= =1

Introduce a Lagrange multiplier A to take account of the constraint ), g, = 1. Then,
differentiating with respect to g; gives

Q*( xlgo:nl +ZC { Qkxla ) )}+)\:0

S 9iQr(, 0
and multiplying by ¢; and adding over [ gives A = —(w; +wz +w3). Hence the maximizing
g is of the form
Q" (1)go (i

S 1k Qr (1, 6)

where p = wy + we + w3 — ¢;/Q) and Qf = Zlel 91Qr (21, 0).
This suggests that in the case of a general gy, not having finite support, the least
favourable distribution (i.e. the maximiser of (10)) might be of the form

Q*(z)go(x)
>k k(o) Qi (x,0)’

9(x, 0, pg) = (13)

8



where px(pg) = w1 + wa + w3 — ¢ /Qr(pg) and Qi (pg) satisfies the equation

Qr(po) —/Q(x,e,pa)Qk(xl,H) dx.

This turns out to be the case. We give a sketch of the proof in Section 6.3.

Our next task is to calculate the efficient scores. Applying Theorem 2, we see that
they are

K
i = Z 2k a;(pe) ) (14)
k=1 =6,

? 0 oty

i _ Ologg(z,0,pg)

l3 - 90 60, ) (16)
oo Olog{f(z]y,0)g(x.,0, pp)} —log Qk(pe) (17)
4k 20 o

Now we can obtain the information bound in terms of the “asymptotic pseudo-information
matrix” I* introduced in Section 6.1. From (8) and (15)—(14), the inverse of the informa-

tion bound B is
K a1 a1 !
{sz Ong Po }{ZZ Ong Po)} }

k=1

B! = wE

+ wo B

{alog{f@cw, 0)g(z,0. o) } {alog{ﬂxr% 0)g(z.,0. o) }T]
00 00

{mogg(m, 0. po) } {mogg(x, 0, po) }T]

+wsk 90 90

N iwik)Ek Halog{f(fﬂlyﬁ)g(:m@,pe)} _ Olog Qk:(pe)} y

s a6 a6

(18)

{alog{fmry,e)g(x,e,pe)} ~ 9log Qulpe) }T]
00 00 ’

Then, using the fact that

B [alog{f(xag)g(%@me)}] _ 0log Qr(py)
F oo - oo

and the chain rule, we get
dpe 1 ape Ipy dpy
B~ =1} I, +1 IT == 19
99+<89) w0 pg T\ 0 ) T\ 0 ) 19)

9



where I is the matrix

IT — ’LUQE [6log{f(:v, 9)9('7}’ 07p>} 810g{f(l‘, 9)9('% Q’p)}:|

ol o7
dlogg(x, 0, p) Olog g(z,0,p)
E
I [ 95 967
K
W [9108LF(,0)0(x,0, )} Dlog{ F(z,0)g(x., 6, )}
PR | 5 06T
K
dlog Qr 0log Qi
+ ;Ck 8(;5 8¢T
introduced in Section 6.1. We show in Section 6.4 that
I, = T, (20)
I, =0 (21)
Izp = —I, (22)
and that 9
Po * \—1y*
% - _(Ipp> Ip&' (23)
Substituting these results into (19) gives
B~ =1;, - I;,(I;,) "'}, (24)

Thus, the asymptotic variance of the Scott-Wild estimator coincides with the information
bound, and so the estimator is fully efficient.

5. Discussion. In this section, we reexamine the special cases of our general sampling
scheme and indicate how the general efficiency result applies.

1. The simple case-control study. In this situation our general result applies with K = 2
and w; = wy = wsg = 0. The variable y is a binary indicator denoting case or control
and f(1|x,0) is the conditional probability of being a case, given covariates x.

2. Two-stage case-control study. Here the situation is identical to that in 1, except that
wy > 0.

3. Two-stage sampling design. Here we have wy = w3 = 0. The regression function can
be general as long as the number of strata is finite and strata membership depends
only on (z,y).

4. Reusing data from case-control studies. This situation is similar to 2, except that
the regression function is of the form f(y1,y2|x,8) = fi(y1|ye, z,0) f2(y2|x, §) where
y1 is the response for the first analysis, yo is the response for the second analysis,
and fa(ya|z,0) is the regression of interest in the second analysis.

10



5. Case-augmented sampling. In the first case considered, with a prospective sample
from the joint distribution, our general result applies with w; = 0, ws = 0, and

wik) =0 for k > 2. In the second case, with a prospective sample from the marginal

distribution of z, the general result applies with w; = 0, we = 0, and wik) = 0 for
k > 2. Extensions to discrete responses with more than two values are immediate.

6. Retrospective family studies. This is similar to 4, with a multiple response in the
regression representing responses on different family members.

7. Case-control study augmented with population data. If the case-control study has
two stages, and the population data is in the form of additional prospective samples
from both the joint and marginal distributions of = and y, the full specification (i.e.
none of the w's zero) is required.

8. Missing data problems. Provided the covariate v and the response y are discrete, the
log-likelihood for the missing value problem can be written in the form (2) (Lawless
et al., 1991), and hence our results apply.

9. Analysis of survival and reliability data. This falls into the same framework as 8.
(Lawless et al., 1991)

Thus, our general result is sufficient to demonstrate the efficiency of the Scott-Wild esti-
mator in all the situations described above.

6. Proofs and derivations.
6.1 The asymptotic variance and the proof of Theorem 6.1. We begin by

deriving some expressions for the “pseudo information matrix ” I* that will be useful in

establishing the asymptotic variance of 0. To evaluate I*, we split the terms of (4) into
separate sums corresponding to the different samples, differentiate, and apply the law of
large numbers to each part. This results in

o E[ 8210g{f(gzajs; (x,ﬂ,p)}]erSE [_3210558(2}9,/))]
K 9 K 2
]g [_a log{f(gZéZ)T 2,0, p) ] Z , 108 Qulp) (190;8?;51; D )
where cj, = w1 Qo — w, and
Sontp) - Q@)

S i (p)Qu(, 0)

In (25), we are using F to denote expectation with respect to the unconditional (prospec-
tive) distributions and E} to denote expectations conditional on being in stratum k.

11



Using the identity

logh(¢)  19% h(p) Adlogh(¢) dlogh(g)
0006  h dpdp 0o o¢T

and the fact that g(x, 0y, po) = go(x), we get
I - {wQE {310g{f(m7 0)g(x,0,p)} Olog{f(x,0)g(x, 9,/))}}

99 54T
v wsE [810g%(;6 0, p)alogg((;«pg p)]
k}ij " g, [mog{f(w 02 (xﬂ,,o»mog{f(a:é?Tg(x,e,p)}]
K
- ;ck 10ng81§§7§2k}
{w {flgo o |g¢?¢;x’9 L4 ] + wyE [910 %ﬂ;;Tp }
e ) Sag )

Denoting the sum in the first set of braces by If, and collecting the first three terms in
the second set of braces into a single integral, we get

0? e roQr(x, 0) 1oy
* T k=1 * do — - .
I =1 96057 {ZkKZI o (9) (. 6) Q" (z)go(x) dz kz_lck Or. 90T (26)

Moreover, for the 0p, pf and pp blocks of I*, note that the function f drops out of (25)
and we can write these blocks as

2] 0 582
_/3 og g(z, ,p)Q dx_z kﬁ 0g Qk(p)
9¢0¢T 9p0gT

Thus, evaluating these derivatives, we get

5 0 log pk(p)

o= > wil S (27)
Ji

k=1

where
OPy(z, 9
Erg = k) / k p Q" (z)go(x) dx.

12



Similarly,

K T
. (k) Olog px(p) dlog Qr(p)
IPP - ;w4 ap Ekp - 8p (28)
where 1 [ 0Pu(x,0,p) d1og s (p)
B — / k\Z, 0, p Q*fC ) dr — og LE\p 7
with

_ m(p)Qr(2,0)
Yo 1k (p)Qu(, 0)
Proof of Theorem 6.1. A complicating factor in the evaluation of the asymptotic

variance is the fact that the quantities u,gN)(p) = {n; +ng +nz — (ngk) - nik))/Qk(p)}/N
are random, as they depend on the first stage sample. To emphasize this, we define

Pk(xv 97[))

. k NP . .
qr = ng )/nl and § = (41,...,q4x)", and write

u,(CN)(p, G) = {n1 +n2 +n3 — (n1dp, — ”4 )/Qk( )}/N

and
K
Q) = log f(ylz.0) Zlog[z P )Qk(,0)| + " (mdk — n”) 10g Qu(p).
A k=1
Let J* = plimy_oo =N~ 18218(‘1}‘1), where here and subsequently, all derivatives are eval-

uated at ¢ = ¢g and § = Q. By expanding %ﬁ’q) about (¢, Qp), and using the

arguments of Wild (1991), we see that the asymptotic variance of ¢ is (I*)~1V(I*)~!
where V = V1 + V,, with

. — l*( 7qA)
_ 1 or(¢
Vi= A}lm N~ “Var ( ,

and
Vo = NJ*Var (§)(J*)T.

To obtain more explicit versions of these expressions, we first note that, using arguments
similar to those used for I*, we get

0°t* (¢, 4)
li - N1 — .y E
plimpy_, 26004, w1 Lk,
and 2000, 4
plimy_ o — N1EGD) gy (29)

dpdqy,

13



Next, we evaluate V. Using the same partitioning arguments as above, we can write

dlog f(y|z,0)g(x, 0, p) log f(y|z,0)g(z, 0, p)]
ole) oot
dlogg(x,0,p) dlog g(x,0,p)
99 o¢T }

+ S PR [alog iz z>g<x,e,p> 0log f(y\gﬁg(x,e,p)]

V1 = ng[

+w3E[

k=1
ZK: oM B, [(’ﬂog f(ylz, 0)g(x, 0, p)} E, [mog f(ylz,0)9(z. 6, p)

9 96T ] (30)

k=1

Using the result (26), this implies that

. [ K eQr(x,0) | .. 192,
= d —
Vi = B [ agasr {zéiluk(p)czk(x,e) @)nte) “;C’“Qk 96dT

K

k=1

Moreover,
log f(y|z,0)g(x,0,p)

B | = B

and

Now, for the 66 block, the derivative under the integral sign in (31)is zero, so, using the
fact that n1Cov(§) — diag(Qo) — QoQZ, we see that the 60 block of V = V; + V3 is given
by

K K K K
. k
Vg = Tpo— ) wi? EygEly + w1 > QuEwEl —wi > > QroQuErEl
k=1 k=1 k=1 1=1

K K
= T5o— ) > buEwEj (32)
k=1 1=1

where by = w1QroQuo — drick. We can rewrite (27) as ry= AE!' where Eg has columns

Eig...,Ep, and A has [,k element wik)%%. Thus, there is a generalised inverse A~
with Eg = A7T},, so that

Voo =Ly — I;,(A7)"BATTL,.

14



Also, for the pf block, the integral in (31) is equal to

K
Odlo
S uf gaﬂk(f’) o
k=1 p
so that K K
. k) O log g (p
Vpg = ng — wal )(WUE% - Z Z bklEkalE (33)
k=1 k=1 1=1
Since
K K
0log Qi (p) .1
Z Z b ap Epg
k=1 1=1
K K
dlog Qx(p) dlog Qk(p)
= w <Z Q 3 Z Qrolrg | — F g Eg
k=1 k=1 k=1
K
_ .y (0 0108 1k (p) pr
- 4 a k0>
k=1 P
we can write (33) as
K
. dlo
V=L = by <E,w _ %Ci’“(p)) EL,. (34)
k=1

Using (28), we can write
V=T, I (A7)"BATT,.
Similarly, we obtain

V,,=Ty)—T (A")'BATT,

V=rI-I <0 (A)TBA>I.

and hence

The asymptotic variance is

)V =) (5 4 Ppa )

so using the partitioned matrix inverse formula, the asymptotic covariance matrix of 6 can

be written as R
Avar(f) = (Ijy — Ip,(I5,) "' T5y) ~" (35)
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6.2 Proof of Theorem 2. We first show that

alogpl(xv 9777(‘9)) alogpj(x,ﬂ,f/(e))
a6 o a6

) (36)
0=0

is orthogonal to the nuisance tangent space 7, the subspace of H defined in Section 3.1.

Consider a finite-dimensional submodel Q of P of the form
Q — {p](xaea’}/(t)%e € Bat € T)7

where v(0) = g, and define
J
7(0,t) = argmax, Y w;E;4[logp; (X, 60,7)]
j=1
where F;; denotes expectation with respect to p;(z,8,~(t)). Then
Zw] i[log p; (X, 6,7(6,1))]
is maximized at ¢ = 0, since

ng [log p; (X, 6,7(6,1)) Ejllog p; (X, 6,7(6))]

”M“

and 7(6,0) = 7(#). Hence for every 0,

J
0 .
52 > wiEjllog pi (X,0.7(0.1)]| _ =0. (37)
j=1
Differentiating (37) with respect to 6 gives
9*log p;(X,0,7(0. 1))
i(x,0 dx = 0.
Z / 900t t:opj(% 0:10) dz =0 (38)
Also, differentiating both sides of the identity
J
dlogp;(X,0,1n(0,t .
Sy [ PRI o 0. 0(0.0)) de =0 (39)
- t=0

16



with respect to t, we get

p](l‘, ‘907 ﬁ(907 t)) dx

S, / 0 log p; (X 0,7(6. 1))
= 000t

p](x7 90> 77(90, t)) dx

dlog pj( X 9 ,1(0,t)) Ologp; (X, 0,1(6,1))
+ Z / ot

Setting 6§ = 0y, t = 0 and using (38), we get

L[ 9logp(X.0,7(6))
>, 90

0 logp] (X7 07 ’f/(ea t))
0=0, ot
=00

j=1
so that (36) is orthogonal to

dlog p1(z, 0o, 7(6o, 1))
ot

dlog py(x,00,m(00,t))
R e

)

=0

(41)

But 7(6p,t) = v(t) by the Kullback-Leibler information equality, so that (41) is in fact the
score function corresponding to the nuisance parameter v(¢). Thus (36) is in the nuisance

tangent space of Q, and since Q was an arbitrary finite-dimensional subfamily of P, (3

must lie in the the nuisance tangent space of P.

Now consider the subfamily of P

{pj(l‘,@, 77(9))’ NS B)

By the chain rule,

0logp;(,0,7(0)) _ Ologp;(x,0,7(6")) 0logp;(x,6,7(0"))
o0 660 09 oo 00’ pr s
dlog pj(x,0,1m)
= T h;
00 =0, J
= Lo+ hy,

say, where h; is in the nuisance tangent space. Thus

dlogp;(x,0,7(0))

leZhj+ 0

)

0=0o

o6’

20

6)

0=69

SO ljg can be expressed as the sum of an element in the nuisance tangent space plus an
element orthogonal to the nuisance tangent space. It follows that (36) is the projection of
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ijg onto the orthogonal complement of the nuisance tangent space and so is the efficient
score.

6.3 Proof that (13) is the least favourable distribution. As in Section 6.1, define
Q" (x)go(2)
Skt 1k () @k (2, 9)

where pp(p) = wi +we +ws — ¢ /Qr(p). We will show that the function g that maximises
(10) is given by g(x) = g(x,0, pg) where py is the solution to the K — 1 equations

g(z,0,p) =

:/Qk(xﬁ)g(x,e,p)deZ 1.....K —1. (42)

Note that these equations imply that Qx (p) = [ Qk(z,0)g(z,0, p) dz and that g(z,6, pp)
is a den51ty, at least in a neighbourhood of fp. Let g be an arbitrary density, and write
Qk 0,9) = [ Qi(x,0)g(x) dz. We must show that for all § and g,

K

[ 1089(0,6.p0)@" (@)gn(z)d + 3" exlog Qulpo)

k=1

K ~
> [1og3(2)Q" @gn(a) do + 3 exlog Qul6. ), (43)

k=1

or, equivalently, that
g(x,0, ,09)} - Qr(6,9)
1 = d 1 .
/ Og{ (@) Q" (x)go(x) dx = ;Ck Og{ Qo) } (44)
To prove (44), we set hy(z,0) = Qu(x,0)§(x)/Qr (0, g), so hy, is a density. Also define

Hy(x,0) = Q" (x)go(x) Pr(x, 0, po) / (111 (po) Qi (0))-

The function Hy, is also a density for every 6 by (42).
The left hand side of (44) can be written as

/log{ Ex)g 0(x) Pi(2, 6, pp) } Q" (2)g0(x) da
K

97 Mk(pe hk xz 0)

- / o { ke gy} @ e + “‘w”log{cik(%}

> pr(pe)Qr(po /log{

} Hy(2,0) dz + (1 —w;)log { g,f((ep,eg)) } :

(45)

18



The last inequality follows because 1 > P} (x,0, pg). The integral in (45) is non-negative
by the Kullback-Leibler information inequality, so, for each k, we have

/10g {W} Q" (2)g0(x) dz > (1 — wy) log {%} .

Also, the fact that 0 < ux(pg)@x(pe) in a neigbourhood of 6y implies that

W — w1 Qo + (w1 + ws + w3)Qr(pg) > 0,

so multiplying by {wflk) —w1Qko + (w1 +wa+w3)Qx(pg)} /(1 —w1) > 0 and summing gives

[0 {W} Q" (2)golz) da

K
= Z {wz(;k) —w1Qro + (w1 + w2 + wS)Qk(P@)} log gk(pG)

— w1Qgo) log gk(pe)

K
kz:l k(eag)
K -
Qk(97g)
;cklog{ Qo) }
Qx(py)

| _ >0
(w1 + wo +w3);Qk(pO) og Onl0.0) >

by the Kullback-Leibler inequality. This implies (43).
6.4 Proof of (20)—(23). Evaluating the integral in (26), we get

v

since

=

Iz)a = I,
5Lk 0log uk(p)
I, = Iy b Ll )
p0 p0 £ Wy ap k6>
K
S A SR OLA Y 0) (Ek _ Olog QW))T
PP pp P 4 dp 4 dp

These results, together with Equations (27) and (28) imply (20)—(22). For (23), note that
by (42) we have

Qr(po) = /Qk(ivﬁ)g(x,@,pg)dx.
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Differentiating both sides with respect to 6, and setting 6 = 6y we get, after some algebra,

dlog Qi(p) Opo _ .1
e = Bla+

7 9pe
ko g

Multiplying both sides by wik)%‘;’“(p) and summing gives

* aPG_

I;‘g + Ipp% =0

which proves (23).
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