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1 Introduction

The efficient score function can be defined as the score function for § minus its orthogonal
projection onto the nuisance tangent space (cf. Bickel, Klaassen, Ritov and Wellner (1993)).
An alternative characterization, due to Newey (1994), is to describe the efficient score in terms
of the derivative with respect to § of a “population profile log-likelihood”, which is a population
version of the ordinary sample profile log-likelihood. Since “profiling out” is a familiar method
of dealing with nuisance parameters in likelihood calculations, the Newey characterization is
perhaps a more natural method than projection.

Suppose we consider a semiparametric model of the form

P ={p(x;8,m): B€Og CR™ nebO,}

where [ is the m-dimensional parameter of interest, and 7 is a nuisance parameter, which may
be infinite-dimensional. Let (fo,70) be the true value of (3,7). We assume Og is a compact set
containing an open neighborhood of 3y in R™, and 6, is a convex set containing 79 in a Banach
space B.

We also assume that, for each § € Og, the expected log-likelihood Eg ,, log p(X;3,n) is

uniquely maximized with respect to n € ©,. For each 3, define

7(B) = argmax, co, Eg,n, log p(X; 3,1), (1)

then we have 7(8y) = no and the derivative

5w, o) = log p(; 8,7(8))

2
98 1=,

is the efficient score function (cf. Newey (1994)).
On the other hand, let

in(B) = argmax,cq, Y _ log p(Xs; B, ). (2)
=1

The profile log-likelihood function for 3 is the log-likelihood

Cn(B,1n(8)) =D log p(Xi; B, 1 (13))

i=1
treated as a function of 8 only. The solution to the profile likelihood estimating equation
Z5ln (B, M (Bn)) = 0 gives the MLE 3,,.

The purpose of this paper is to investigate the efficiency of the semi-parametric maximum
likelihood estimator based on the profile likelihood. The difficulty in the proof of the efficiency of
the profile-likelihood estimator is that the corresponding estimating equation cannot be treated
using standard M-estimator theory since the estimating functions depend implicitly on the sam-

ple size. Murphy and van der Vaart (2000) proved this efficiency by introducing the approximate



least favorable submodel to express the upper and lower bounds for the profile log-likelihood.
Since these two bounds have the same expression for the asymptotic expansion, so does the
one for the profile log-likelihood. This method cleverly avoided the implicit dependence on the
sample size n.

The main idea of this paper is the introduction of the new function 7((, F') with an additional
parameter F' such that the estimating equations based on the profile likelihood and the least

favorable submodel can be expressed as

Z log p(Xi; B, (6, Fu)) = 0

and

Z log p(Xi; 8,7(83, Fy)) = 0,

respectively, where F), is the empirical cumulative distribution function (cdf) and Fy is the cdf for
the true distribution. This gives an estimating function which is an explicit function of sample
size n, through F'. Then, we show that the solutions Bn to the above estimating equations are
asymptotically equivalent. Since the estimator based on the least favorable submodel is efficient,
this demonstrates that the estimator based on the profile-likelihood is also efficient. Moreover,
the no bias condition, which is one of the assumptions in Murphy and van der Vaart (2000),
follows naturally from our approach.

An outline of this paper is as follows. Section 2 presents the main result, in which, we
prove the efficiency of the estimator based on the profile likelihood by introducing the empirical
cdf as a parameter. In section 3, two-phase, outcome-dependent sampling design is used as an
example. This paper is motivated by the question “Is the method of Scott and Wild (1997,

2001) efficient?” and we give the answer to the question in the discussion.

2 Main result

We denote the set of cdf’s on the sample space X by F. The set F is convex. Let F,(z) be the
empirical cdf and Fy(z) the cdf for the density p(z; Bo, n0)-
For a map 7 : ©g x F — O, define a model (called the induced model) with density

p'(@; B, F) = p(x; 8,18, F)), B € Op, FeF.
The score function in the induced model is denoted by
9 /

(Condition (R1) or (R1)* in SECTION 2.1.2 assume the differentiability of the function p/(z; 3, F')
with respect to 3.)

We assume that



(RO) 7 satisfies 7(5o, Fo) = 1o and the function
05(x, Bo) = ¢(x, Bo, Fo)
is the efficient score function.

We present the main results of this paper.

THEOREM 1.[The main theorem/] Suppose sets of assumptions {(R0), (R1), (R2),(R3)} or

{(R0), (R1)*, (R2), (R3)} given in SECTION 2.1.2, then, for any random sequence By, Eif Bo and

the empirical cdf Fy,, we have
\/ﬁEﬁo,nod)(X? 507 Fn) - OP(l) (NO b'I;CLS contion)

and

n

> logp/(Xi; B, Fr) = Y logp'(Xi; B0, Fu) + (B — Bo)™ > 8(Xi, Bo, Fb)

=1 =1 =1
57— 50 T5(Bn — o) + 0pyy (Vi — ol + 1

where 15 = Eg, (EZE;T) is the efficient information matriz.

The proof is given in the next section.

By Corollary 1.1 in Murphy and van der Vaart (2000), we have the following result.

COROLLARY 1. A consistent solution Bn to the estimating equation
n
> A(Xi, B, Fr) = 0
i=1
1s an asymptotically linear estimator for By with the efficient influence function
- Y
Us(x, Bo) = (I5)™ L5(, Po)

so that .
V(B — Bo) = in ZZE(Xi, Bo) +op(1)
i=1

and

V(B — Bo) 5 N (0,(15)7Y) .

This demonstrates that the profile likelihood MLE f3, is efficient.

2.1 Assumptions and proof

2.1.1 Path-wise differentiability

(4)

()

g

A path in a convex subset C of a Banach space B is a continuously differentiable map 7(t) : ©, — C

where Oy is a closed interval in R. The derivative of a path n(t) is denoted by 7(t). A map



fn) : C — R™ is path-wise differentiable with respect to n if there exists a bounded linear
operator dy, f(n), called the derivative of f(n), such that, for each path 7(t) and t € ©y,

2 F0(t)) = du(n(e))i ().

A norm of the derivative d,, f(n) at ng is defined by

[1dn.f (110)77(0)]]
17 (0)]

A map f(n) is continuously path-wise differentiable with respect to n if the derivative d, f(n) is

o f ()| = sup{ . () path with 7(0) = 7y and 7(0) % o} .

continuous function of 7.

Derivative with convex combination: Let 79 and 7 be two points in the convex set C. Then
the map ¢ — no + t(n —no), t € [0,1] is a path in C. If a function f : C — R is path-wise
differentiable, then, for all ¢ € [0, 1],

2 Fom 0= m)) = dy o + 11— 1)) (1 — o).

2.1.2 Assumptions

On the set of cdf functions F, we use the sup-norm, i.e., for F, Fy € F,
|F — Fo|| = sup |F(z) — Fo()|.
xX

For p > 0, let
Cp={F € F:|F - Ryl < p}.

We assume that:

(R1) The \/n-consistency of F,, v/n||F, — Fy|| = Op(1), and, for each (8,F) € O3 x F, the
log-likelihood function log p/(z; 3, F') is twice continuously differentiable with respect to 3

and continuously path-wise differentiable with respect to F' for all z.

(R1)* The empirical process F}, satisfies n'/4||F,, — Fy|| = op(1) and for each (3, F) € ©5 x F,

the log-likelihood function log p'(z; 3, F) is twice continuously differentiable with respect
to B and twice continuously path-wise differentiable with respect to F' for all .
(Derivatives are denoted by ¢(z, 8, F) = % log p/(z; 8, F), %gb(a:, B, F), dpo(x, 3, F), and
dp(x, B, F).)

(R2) The efficient information matrix I = EgomotfzégT = Eg,n0 99" (X, Bo, Fo) is invertible.

(R3) There exist a p > 0 and a neighborhood ©g of fy such that the class of functions
{p(x,8,F): (B, F) € ©gxC,} is P, n,-Donsker with square integrable envelope function,

and such that the class of functions {a%qb(:c, B,F): (8,F) € 0OgxC,} is Pg,n,-Glivenko-

Cantelli with integrable envelope function.



2.1.3 Proof

Suppose {(R0), (R1),(R2),(R3)} or {(RO0), (R1)*,(R2),(R3)}.

First, we prove Equation (4). Since (i) the induced model p/(x; 3, F') is a probability model,
(ii) the range of the score operator éF(X, Bo, Fo) = dplogp'(x; Bo, Fo) = drlog p(x; Bo, (o, Fo))
for F is in the nuisance tangent space (the tangent space for 1), and (iii) the function ¢(X, B, Fp)

is the efficient score function, we have
Egy modrd(X, Bo, Fo) = —Eﬁomqﬁép(X, Bo, Fo) = 0 (the zero operator). (7)

For F), and Fj in F, consider a path F}(t) = Fo+t(F,,—Fp), t € [0,1]. Then F(0) = Fy and
F¥(1) = F,. Under assumptions /n||F;,, — Fy|| = Op(1) (condition (R1)) or n'/4|F, — Fy|| =
op(1) (condition (R1)*), we have that sup,c( 1 |F}; (t) — Fo| = op(1).

Suppose condition (R1). By the mean value theorem for vector valued function (cf. Hall
and Newell (1979)),

H\/ﬁEﬁoﬂ?oQb(Xa ﬁO»Fn)H
V1 Egy,n0®(X, Bo, Fyy (1)) — VnEgy 5 $(X, Bo, F,; (0))]]

< o 1B o, o FLO)IVAIE ~ Fol
te|0,

1 Ego,n0 drd(X, Bo, Fo) + op(1) [Vl Fn — Fol| (since supyejo 1) [F5r (1) — Fol = op(1))
op()v/nllFy — Fy|| (by Equation (7))
= op(1) (since \/n||Fy — Fol| = Op(1)).

Alternatively, suppose condition (R1)*. We modify the proof of the mean value theorem for
vector valued function in Hall and Newell (1979). Let f,(t) = /nEg, 5, #(X, Bo, F;(t)) and

fn(l) - fn(o)v fn(t) — fn(0)>
[/ (1) = fu(O)]

B (1) =
where (u,v) = ulv for u,v € R™. Then

IVnEgy00(X, Bo, Fu) |
= [VnEgyne (X, Bo, ;7 (1)) = VnEgy ne (X, Bo, 77(0))
= Op(1) — (0)
= Q@)n(O) + 8—2<I>n(t*) (for some ¢} € [0, 1], by Taylor’s expansion)
ot ot? " " ’
(Fn(1) = a(0), G1n(0) + Gz fu(tn)
/(1) = fn(O)]

0 0?
VA gy (X, o FE(0) + VBt 550X, i 1)

< sup
te[0,1]

(by the Cauchy-Schwrz inequality)

= 300 B0 X, o Fo)VAFy = ) + B b (X o, FL )V, = Fo)?|
te|0,



(by the definition of path-wise differentiability)

= ts%p] HEﬁmWod &(X, Bo, Fyy(t ))\/E(Fn - FO)QH (by Equation (7))
S

< 1By modbd (X, Bo, Fo) + 0p(1) /0| F — Fo|?
— op(1) (since VillFy — Roll? = op(1)).
Thus under assumptions (R1) or (R1)*, we have proved Equation (4).
The rest of the proof is similar to the one for Murphy and van der Vaart (2000).
Since the functions ¢(x, 8, F) and -2 gb(x B, F') are continuous at (3o, Fp), and they are dom-
inated by the square integrable functlon and the integrable function, respectively, by dominated

convergence theorem, for every (3%, F¥) il (Bo, Fo), we have

* * P
Eﬁomon(b(X? ﬁnv Fn) - ¢(X, Bos FO)H2 — 0.

and

0 0
Eﬁo,mH%MX,ﬁZ,F*) a5 (X, o, Fo)l| = 0.

Since p/(x; 8, F') is a probability model,

Eﬁo’nogaﬁd)(X’ ﬂo’ FO) = _Eﬂomo¢¢T(Xa ﬂOv FO)

Together with condition (R3), this implies that, for every random sequence (3, F) T
(ﬁOa FO)v

\/15 Z {6(Xi, By, Fyy) = &(Xi, Bo, Fo)} = VnEgy o {6(X, 85, Fy) — ¢(X, Bo, Fo)} + op(1), (8)
i=1

10 o ey P

%Z%d)(Xuﬁ?an) - _Eﬁo,ﬁoqbng(X’ﬁOaFO)' (9)
i=1
By combining Equation (4) and (8), we get
1 & 1 &

= Xi, Po, In) = —= X, Bo, Fi 1). 10
\/ﬁ;sﬁ( Bos F) \/ﬁgdx Bo, Fo) + op(1) (10)
Finally, by Taylor’s expansion with respect to [, for some 3 with ||3% — Go|| < || By — Boll,

> logp/(Xi; B, Fn) = Y logp(Xi: o, Fr)

i=1 i=1

_ 2 Al N~y 1 - 9 3 _
= Vn(Bn — A) \/ﬁZMXmo,FnH Zl 53¢ (K By Fi) (B = o)

= V(B — o) {\FZCﬁ X13507F0)+0P(1)} (by Equation (10))

+§n(5n — B0)T {=Epyno 90" (X, Bo, Fo) + 0p(1)} (Bn — Bo) (by Equation (9))

n

= V(= )T = D0 0K B0 Fo) = 5= ) B (667 o — )
=1
+op(vnl|Ba — Bo)ll +1)%



This proves Equation (5).

2.2 Useful theorem to identify the efficient score function

To verify Condition (R0), the following theorem may be useful. This is a modification of the

proof in Breslow, McNeney and Wellner (2000) which originally adapted from Newey (1994).

THEOREM 2. Suppose n(t) is an arbitrary path such that n(0) = ny and let o(t) = n(t) —no. If

(6o, Fo) = 1o (11)

and, for each B € ©g,

0

5| Edono logp(w; 5,0(5, Fo) + a(t))] = 0, (12)

t=0

then the function ¢(x, By, Fo) = %’ﬂ:ﬂo log p(x; B,1(8, Fy)) is the efficient score function.

Proof. Condition (12) implies that

0 o )
= %‘ﬁ:ﬁoatt:OEﬂomo log p(w; 8,7(8, Fo) + a(t))]
0 P )
- ot t:oEB“"O [ﬁ o log p(z; B,1(B3, Fo) + a(t))] . (13)

By differentiating the identity

/ <aag log p(a; 3,7(8, Fo) + Oé(if))> p(z; 3,7(8, Fy) + a(t))dz = 0

with respect to ¢t at ¢ = 0 and 8 = Gy, we get

2
ot

/ (; log p(z; B, 1(8, Fo) + a(t))> p(x; B,7(6, Fo) + a(t))dx
t=0,6=0o

= Eﬁomo [d)(l"ﬁo,FO) <88t

9
ot

logp(w;ﬁo,n(t)))] ( by (11))

t=0

EﬂOﬂ?O !a logp(x,ﬁ,ﬁ(ﬂ, FO) —|—Oé(t))]
t=0

+
Bl =go

— B [0l 0 ) (] tomptason(o))| (o (13) (1)

=0
Let ¢ € R™ be arbitrary. Then, it follows from Equation (14) that the product ¢'¢(x, By, Fp) is
orthogonal to the nuisance tangent space 7577 which is the closed linear span of score functions
of the form %|t:0 log p(z; Bo,n(t)). Using Condition (11), we have
0
¢(.’IJ, 507 FO) = % '

B=0o

= La(x; Bo,m0) — (@3 Bo, mo),

)
log p(x; 8,m0) + Bﬂ’gﬁ log p(x; Bo, 75, Fo))



where {g(x;80,m0) = %I@:go log p(; 8,m0) and ¢ (x; Bo,m0) = — 25|53, 108 P(x; B0, 1(5, Fo))-
Finally, ¢ ¢(z, By, Fo) = /ls(x; Bo, no) — 9 (z; Bo, mo) is orthogonal to the nuisance tangent space
7'777 and i (x; Bo,mo) € 7% implies that ¢ (x; By, no) is the orthogonal projection of c’ég(x; Bosno)
onto the nuisance tangent space 7'%,. Since ¢ € R™ is arbitrary, ¢(z, By, Fp) is the efficient score

function. O

2.3 Comments on the MLE

The MLE is obtained when the function 7(3, F) is given by

7(8, F) = argmax, ce, / log p(z: B, ) dF (15)

If, for each B € O3, the function 7(5, Fy) uniquely maximizes the expected log-likelihood

Egyno logp(X; 3,m) = /logp(x;ﬁ,n)dFoa

then Conditions (11) and (12) in THEOREM 2 hold, provided the function p(z;[3,n) satisfies
sufficient differentiability conditions.. It follows, by THEOREM 2, that the efficient score function
is given by ¢(x, Bo, Fo) = %L@:go log p(z; B, 1(8, Fo)).

We assumed the parameter 7 is in a Banach space. Suppose the function ®(8,n, F) =
[logp(z; 3,n)dF is Fréchet differentiable with respect to 7 so that the maximizer 7(8, F) in

Equation (15) is the solution to the operator equation
dy®(B,n, F) =0

where d,®(3,n, F) is the derivative of ®(3, n, F') with respect to 7. Note that d,® (5o, 10, Fo) = 0.
If d,®(8,n, F) is Fréchet differentiable with respect to 7 and the second derivative

d%]q)(/@& Mo, FO)

is invertible, then by the implicit function theorem (cf. Appendix C), there exist r > 0 and
p > 0 such that, for each (5, F') with || — fo|| < p and ||F' — Fy|| = sup, |F(z) — Fo(z)| < p, the
solution 7(3, F) with

1908, F) = moll <r

exists. Moreover, if the operator d,® (3,7, F') is k-times continuously Fréchet-differentiable with
respect to (3,n, F'), then the solution 7(3, F') is k-times continuously Fréchet differentiable with
respect to (3, F'). Therefore, according to the implicit function theorem, the function ® (3,1, F')
must be at least 2-times continuously Fréchet differentiable with respect to the parameter 7, to
assure the existence of the continuously Fréchet-differentiable function 7(3, F'). However, we
have seen that the path-wise differentiability is sufficient to prove Theorem 1. Since we do not
know the conclusions of the implicit function theorem hold when the Fréchet-differentiability is
replaced with the path-wise differentiability, there is no guarantee that the maximizer 7(3, F')
exists and is differentiable under Conditions (R0) — (R3).



2.4 Comments on Murphy and van der Vaart (2000)

Murphy and van der Vaart (2000) proved the efficiency of the profile likelihood by introducing
an approximately least favorable submodel which we describe below: They assume that, for each

(8',1') € ©3 x ©,, there is a function
B —0(6,6',1) (16)
such that

(P1) the function £(z, 8, 5',n') = logp(x; B,7(5,3',1')) is twice continuously differentiable with
respect to 8 and continuous with respect to (5, 7') (Denote E;(x, 8,6, = %K(x, 8,61

and Z(x, 8,8, 1/) = 2= l(w, B, 8, 1));
(P2) 7(8, 8,m) = n for all (8,1) € Og x O,

(P3) The efficient score function is given by Ez(az, Bos BosMo)-

Let 7,(8) be the function defined by Equation (2). They also assume that, for any g LN Bo:

(P4) 7 (835) 2 mo;

(P5) Egymols(x, Bo, By in(B)) = op(||8; — Boll +1/y/n) (the no-bias condition);

P6) the functions ¢%(z, 8, 3, n') and ¢*(z, 8,3, n') are continuous with respect to (8,3, n') at
B " B i
(Bos Bosm0);

P7) the class of functions {¢%(x, 3,8 ,7) : (8,8.1") € Og x Og x O, } is Donsker with square
B B B n

integrable envelope function;

P8) the class of functions {¢%(xz, 3,8, 1) : (3,8,17) € Og x O3 x ©,} is Glivenko-Cantelli
8 n B B U]

with integrable envelope function.

Under conditions (P1)—(P8), Murphy and van der Vaart (2000) show that the asymptotic

expansion of the profile log-likelihood, for any 3} il 0o, is

> log p(Xii By in(B) = > log p(Xi; Bo (o)) + (B — Bo) ™D £5(Xs, Bo, Bo o)
i=1

i=1 =1
+ (85— 50)" | Eaam (E3051)] (87 = o)
+ op(VillB; — foll + 1)

This equation leads to the asymptotic linearity of the estimator Bn with the efficient influence
function.

In their proof, the function 7(3, 3',7n’) is used to create the upper and lower bounds for the
expansion of the profile likelihood which is a function of 7, (). They conclude that since the two
bounds converge to the same expression, the expansion of the profile likelihood must converge

to the same limit. Thus, they do not have to treat the function 7, (3), directly.

10



3 Example: Two-phase outcome-dependent sampling

In this section, we demonstrate that the estimator constructed by the method of Scott and
Wild (1997, 2001) is efficient. We apply the method to the two-phase outcome-dependent
sampling design of Lawless, Kalbfleish and Wild (1999). Breslow, McNeney and Wellner (2003)
used the approach in Murphy and van der Vaart (2000) to demonstrate the efficiency of the
estimator based on the profile likelihood in a variation of this example. On the contrary, we
apply THEOREM 1 to show the same result.

Remark 3.1: In THEOREM 1, we proved the no bias condition (P5) in general context. There-
fore, when we apply THEOREM 1, verification of (P5) is no longer needed. See Breslow, McNeney
and Wellner (2003) for the verification of (P5) in the case of two-phase outcome-dependent sam-
pling.

Two-phase outcome-dependent sampling: We assume that the underlying data generating

process on the sample space ) x X is a model

Q = {p(y,x;0) = f(ylw;0)g(x) : 0 €O, gecG}.

Here f(y|x;0) is a conditional density of Y given X which depends on a finite dimensional
parameter 6, g(x) is an unspecified density of X which is an infinite-dimensional nuisance pa-
rameter. We assume the set © is a compact set containing a neighborhood of the true value g

and G is the set of all densities of z. The variable Y may be discrete or continuous variable.

For a partition of the sample space ) x X = U§:185, let

Qu(0.9) = P{(Y, X) € 8.} = / F(yl:0) 9(2) Ly ayes, dy de

and
Qux(z:0) = P{(Y,2) € iz} = / Fl: 001y yes. dy.

In each stratum s = 1,...,s, let mg be the number of fully observed units, ns — ms be the
number of subjects whose only information retained is the identity of the stratum. Lawless,
Kalbfleish and Wild (1999) discussed variations of the two-phase, outcome-dependent sampling
design (the variable probability sampling (VPS1,VPS2), the basic stratified sampling (BSS)).
For all sampling schemes (VPS1,VPS2, and BSS), the resulting likelihoods are equal to

H {H f y51|x51, 1:8%)} QS(aag)ns_ms = H {H f y51|le79 g)(xSi) } Qs(gmg)ns

s=1 s=1

(17)

The likelihood motivates us to interpret the observed data as an i.i.d. sample from the
mixture of models

fylz;0)g(x)1(y 0)es,
Qs(0, 9)

PSZ{ps(y,x;G,g)z : 969,969}, s=1,...,8,

11



and
PS+1 = {PS+1(j; 9?9) = Q](07g) RS @7 ge g}7
where j € {1,...,S5} indicates the stratum. We denote the corresponding mixture probability

density function as

p(s,2:0,9) = Lyeqr,... sywsps(y, 736, ) + ls=s1ws+1ps+1(5; 6, 9)

where (s, 2) = (s, lseqr,...,53 (4, T) + 1s=54+17) and ws > 0, s = 1,..., 5,5+ 1, with Zssill ws = 1.

Let Fs and F§, be the cdf for the true distribution and the empirical cdf in the model P,
respectively, s = 1,...,5 4+ 1. Then the cdf for the true distribution and the empirical cdf in

the mixture model are, respectively,

Fo(s,z) = wsFso(2)

and
M n
Fo(s,z) = 156{1,..‘,S}EFSTL + 1S=S+1EF(S+1)7L
where n = Zle ng and np = n—l—z;g:l ms. We assume that (’:—;, ol Z‘—f, %) — (wi,...,wg, Ws+1),

and the y/n- or n/4-consistency of the empirical cdf, i.e.,

V[ Fu(s, z) = Fo(s, 2)|| = Op(1),

or
n! [ Fuls, 2) = Fo(s, 2)l| = op(1),

where || F, (s, 2) — Fo(s, 2)|| = sups , [Fu(s, 2) — Fo(s, 2)].
Remark 3.2: It is possible to interpret the likelihood (Equation 17) as the one for an i.i.d.

sample from the density

p(s,20,9) = {wi f(ylz;0)g(z)} = {w2Q;(6, g)}'*= .

where (s, z) = (s, 1ls=1(y, x) + ls=27), w1, w2 > 0 and wy + wg = 1.

3.1 The efficient score function

Let Fg (s = 1,...,5,9 + 1) be a cdf function in the model Ps; and as > 0 be such that
Zfill as = 1. For a mixture cdf F(s,z) = asFs(z), the integral of the log-likelihood is

/logp(s, z;0,9)dF (s, z)
S

= > {a [ (08 1(0kes0) + 08(e) dF. + (5:10Fsn(5) — 0 g Qul0,9) b (19

s=1

Then, the expected log-likelihood and the averaged log-likelihood are

log p(s, z; 0, g)dFy(s, z)

—

{ws+1Qs(00, 90)10g Qs (0, 9) + wsEs g, g [log f(Y]X;0) 4+ log g(X) —log Qs(0, 9)]}

I
]

1

)
Il

12



and

1
—l,(0,9) = /10gp(8,2;9,g)an(s,Z)
nr

S ms
= > {nns log Qs(0,9) + an > [log f(Yeil X5 6) + log g(Xs;) — log QS(G,Q)]} :
s=1

n n
T i=1

THEOREM A.[The efficient score function] Let

§(z.0.F) = [l (19)
S5 ax(0, F) B
where
S
Zas/ Y,
s=1
a(0, F) = as11[Qs(0, F) — dFs11(s)] + as,
and
Qu0.F) = [ Qux(ws0)g(a,0.F)da. (20)
Then the efficient score function is given by
¢(8727907F0) = g 10gp(8,2;9,§]($,9,F0)). (21)
90 | g,

The proof of THEOREM A is given in Appendix A.

Remark 3.3: Recall that, for each s = 1,...,5 + 1, F,¢ is the cdf for the true distribution
in the model Ps. In particular, when s = S + 1, the function F{gq)o is the cdf for the true
distribution on the sample space {1,...,S5}, ie., dF(g;1)0(i) = Qi(fo,90), i = 1,...,S. Note
that

S
dFS
P F) = S u, / 5
s=1
S S
|x ‘9 y:v)GSsgo QS|X x; ‘90)
= wS x).
; / Q=(80, 90) Z " Qulb0,g0) )

Therefore, if QS(GO,FO) = Qs(0o, go) then

1> aX(6o, Fo) = ws11[Qs (00, Fo) — Qs(00, 90)] + ws = ws > 0 (22)
nd 1, Fo)
) *(x, Fo
9@ b0, Fo) = =5~ 5 vy — 90(@):

s=1 7% Q4 (60,Fb)
On the other hand, if §(z, 6o, Fy) = go(x) then

1> Qu(80, Fo) = / Qupx (:60)90(2)dx = Qu(60, go) > 0. (23)

13



Remark 3.4: The function g(z, 0, F') given by Equation (19) induces a version of the approxi-
mate least favorable submodel in Murphy and van der Vaart (2000). For s =1,...,5 4+ 1, let
Fs(z;6',¢') be the cdf for the density ps(z;6’,¢’) in the model Ps. Let F(6',¢') = wsFs(2;6',¢).
Then a version of the approximate least favorable submodel is given by

(@, F',g)
S5 a0, F(0,9) 5onn s

g(x7 97 F(917 gl)) =

where
0')1 (.2 S . o),
. PO Z /fy!év (y esg Z %LX; )g(x)’
al(0,F (0. ") = ws41[Qs(0, F (0, g)) — Qs(0',9')] + ws
and

Q0. P(0.9) = [ Qux(a:0)3(2.0. (8.9
Remark 3.5: Let F be the set of cdf’s on the sample space and, for p > 0, let

C,={F € F:sup|F(s,z) — F(s,2)| <p}

8,2
By Equations (22) and (23) and continuity of the functions with respect to (6, F') (continuity

will be verified in the next section), the following assumption should hold:

(T1) there are p > 0 and compact set © containing a neighborhood of 6y such that, for s =
., S and for all (6,F) € © xC,,

1>a’(0,F)>6>0

and
1> Qu0,F)>6>0.

This condition will be used to verify Condition (R3) in THEOREM 1.

3.2 Asymptotic normality

We assume the y/n-consistency of the empirical cdf
V[ Fu(s, z) = Fo(s, 2)|| = Op(1),

and we verify conditions (R0), (R1), (R2), and (R3) so that we can apply THEOREM 1 to show
the efficiency of the MLE based on the profile likelihood in this example.

Remark 3.6: In this example, we could assume the n'/4-consistency of the empirical cdf,
n! Fa(s, 2) = Fo(s, 2)|| = op(1),

and verify conditions (R0), (R1)*, (R2), and (R3) to apply THEOREM 1. Since the vitrification
of both cases are similar, we present only one of them.

Condition (R0): This condition is verified by THEOREM A.

Condition (R1): We assume that

14



(T2) for all # € ©, the function f(y|z;6) is twice continuously differentiable with respect to 6.

For any path g(t) = g(x,t), the densities

ol 26, 9(8)) = f(y|.x;9)g(xat)1(y,$)683
[ f(yl; 0)g(x, )1y 0)es, dyda
and
psna(i56.9(0) = Qu6.9) = [ £(0le30)9(o. )1 y1cs,dyd
are twice continuously differentiable with respect to 6 and continuously differentiable with re-
spect to t. Therefore to verify condition (R1), all we need is the differentiability of the function
g(x,0,F).
Because Equation (19) and Equation (20) form a system of equations, the differentiabil-

ity of these equations depends on the differentiability of the other. The function f*(x, F) =

Zle as [ d‘éf 2 dy is linear with respect to F'. This implies that it is continuously path-wise
differentiable with respect to F. The function a*(0, F) = as41[Qs(0, F) —dFs.1(s)] +as is twice
continuously differentiable with respect to 6 and continuously path-wise differentiable with re-
spect to F if Q4(f, F) is. By assumption (T2), Qsx(2;0) = [ f(ylz;0)1y p)es,dy is twice
continuously differentiable with respect to 6. By Equation (19) and Equation (20), these differ-
entiabilities imply that the maximizer g(x, 0, F') is twice continuously differentiable with respect
to 6 and continuously path-wise differentiable with respect to F if QS(G, F) is. Conversely, if
the function g(x,6, F') is twice continuously differentiable with respect to # and continuously
path-wise differentiable with respect to F', then so is the function QS(Q, F).

Derivatives of log-likelihood: The log-likelihood function for one observation is

logp(s,z;ﬁ,g(x,H,F)) = {1s=S+11i€{1,...,S} - 186{1,.‘.,5}1i25}10g QZ(G’F)
+lsequ,..,s1 {log f(ylz; 0) +log §(x, 0, F)} . (24)

The induced score function is

65,20, F) = S1omp(s,20,5(r,0. F)

Q;
= {li=stilicqr,..s1 — 186{1,...,S}li18}?€(07 F)

(2

sy {ﬁmx; 6) + g;u 6, F)} (25)

where f = % f, Qiﬂ = %QZ and é@ = %f] The derivatives of the induced score function with
respect to 0 is
3} 0 [ Qie

— F) = {1, 1; —1 1= =
90 (572767 ) { s=S+11:e{1,...,5} se{1,...,S} 175} QZ QZ

.. N2 - 2N\ 2
+lseqa,..8 j:—(;) +g;—<g;> : (26)
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o 82 A 82 A N 82 N
where f = Wﬂ Qiﬁ = WQ@ and gg = 9029-

Condition (R2): We assume that

(T3) There is no a € R such that aT§.(y]x; 0) is constant in y for almost all x.

The term éf (0o, Fp) is a nonrandom vector and %‘9(1‘, 6o, Fp) is a function of x. Therefore, by

Equation (25) and assumption (T3), there is no a € R™ such that a? ¢(s, z, 0y, Fp) is constant
in y for almost all z. By THEOREM 1.4 in Seber and Lee (2003), Zle wsEs gy 1, (097 ) is
nonsingular with the bounded inverse.

Conditions (R3): We assume that

(T4) envelope functions

sup | #(v1a36) |, sup | Fwlai )] sup §<y|x;e> ,
0c® 0cO 0cO
oup ([t ) sup ( / ‘jﬁ(y\x;e) dy> (f |itwla:o)] av)

are integrable;

(T5) non-random functions HQ”,H and HQ”,H are bounded by some positive constant L on the
set © x C, which we defined in (T1);

(T6) the classes

{;( 2:0) : 0 € @}, {Qqx(z;0): 0 €6}, {Qs|x(m;9) = ge%x(»fv;@) S @}

are Py, 4,-Donsker classes of functions.

Function %(JS(S,Z,Q,F ) is continuous in the parameters (6, F'), the set © is compact, and
the set C, in condition (T1) is a Py, g,-Donsker class (cf. van der Vaart (1998), page 273). By
THEOREM 3 in van der Vaart and Wellner (2000), the class

0
{&9¢(8’2’9’F) : (0,F) €O x Cp}
is Py, g,-Glivenko-Cantelli if it has an integrable envelope function. In Appendix B, we show
that the class has integrable envelope function.

Also, in Appendix B, we show that the class of function
{¢(s,2,0,F): (6,F) € ©xC,}

is Py, 4,-Donsker with square integrable envelope function.
Remark 3.7: Conditions (T2), (T3), (T4) and (T6) are satisfied by the logistic regression

model

; ey (07 z)
f(yla; 0) = I

where y € {0,1}, x € R™, § € R™.
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4 Discussion

We have shown the efficiency of the estimator based on the profile likelihood in general semi-
parametric model. But this does not answer the question that “Is the estimator based on
the profile likelihood by the method of Lagrange multipliers in Scott and Wild (1997, 2001)
efficient?”

In the example of the two-phase, outcome-dependent sampling design, the method in Scott
and Wild (1997, 2001) gives us a candidate function g(z, 0, F'). In THEOREM A, we showed that
the corresponding induced score function (Equation (21)) gives the efficient score function in
the example. Then THEOREM 1 and its Corollary can be applied to showed that the estimator
is an asymptotically linear estimator with the efficient influence function. Thus the estimator is
efficient in this example. However, for general case, THEOREM 1 can not be applied, since we
do not know that the candidate function g(z, 8, F') given by the method gives the efficient score
function.

Future work remains to prove or disprove the efficiency of the estimator based on the profile

likelihood by the method of Lagrange multipliers.

Appendix A: Proof of Theorem A

In Step 1, we find a function §(0, F') = g(z,0, F') by using the method of Scott and Wild (1997,
2001). In Step 2, we show that [logp(s, z; 6, §(0, Fy))dFy(s, z) satisfies Conditions (11) and (12)
in THEOREM 2 so that the claim follows form this theorem.

Step 1: First, we find a function §(z,0, F') under the assumption that the support of the
distribution of X is finite: i.e. supp(X) = {v1,...,vx}. Let (g1,...,9x) = (g(v1),...,9(vK)),
then log g(x) and Qs(6,g) can be expressed as logg(x) = Zle lp=y, loggr and Qs(0,9) =
J Quix (w;0)g(x)dw = 4, Qupx (vi; 0) g

To find the maximizer (gy,...,gx) of
S
[reep.9r = { [ 08 £(412:6) + 108 (20)) dF. + (as1dFsa(5) ~ 0.) g st,g)}
s=1

at 0, differentiate [logp(6,g)dF with respect to g,

0 S 1 :deFS s .0
Agi. /logp(a,g)dp - Z {anng + (as+1dFs41(s) — as)%} :

s=1
Let 1 be a Lagrange multiplier to account for >, gr = 1. Set % [logp(0,9)dF +n = 0.
Multiply by g and sum over kK = 1,..., K. Then ZSSZI{CLS + (ag+1dFsyi1(s) —as)y +n=0or
N =—as+1 2;9:1 dFs:1(s) = —agy1. Therefore % Jlogp(8,9)dF —ag41 =0 or

. o S s [ Lx=y,dF
g(vka 07 F) =0k = Qs x (vg;0)

as+1 — Zle(a5+1dFs+1 (3) - QS)W
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This function is of the form in Equation (19).
Step 2: Condition (11) is verified in REMARK 3.3. Now, we verify Condition (12). Let

g(x,t) be a path in the space of density functions with g(x,0) = go(x). Define a(t) = a(z,t) =

g(x, 1) — go(t) and write o/ (z,0) = 2|, a(x, ). Then
% y / log p(s, 2 0, (8, Fo) + a(t))dFo s, )
- 3 2 {ws [ 108(a(.6. )+ () dF0 + (15:1Q (B0, 90) ~ w)1og Qu(6,5(6. Fo) + a<t>>}
- 5l / log(§(z, 0, Fo) + a(t))f* (x, Fo)dx
W0 g g<ws+1@s<eo,go> — wy)1og Qu(6, §(0, Fo) + a(t))
= [ e+ ;Sl<ws+lczs<eo,go> ) QsX; (g Fo(f )

S 0) S 0
= > a0, ) IQS‘X i B)o (z, D) +Z(ws+1Qs(9o,go) - IQS‘X zif)elta,
s=1 =

S
= Z{a:(ﬁ, Fo) + (ws+1Qs(6o, go) —
s=1

0)dz

Qs(9, Fy) Qs(0, Fo)

Q (9 Fo)

S, :0)d (x,0)d
= ws+1ZQs(97Fo)fQS‘X<Ax Jotte, O)ds _ wS+1Z/Qs|X(33;9)O/(«TaO)d$
s=1

s=1 Q8(07 FU)
0
= wsy1 / '"(2,0)dr = w1 = 9 g(x,t)dx = 0.
t=0

where we used

ag(0, Fo)

+ (ws+1Qs(00, 90) — ws) = ws41[Qs(0, Fo) — Qs(0o, go)] + ws + (ws+1Qs (0o, go) — ws)
- wS+1Q8(97 FO)

Appendix B: Verification of conditions (R3) continued

The function B(z,0, F') and its derivatives: Let

Then the maximizer (Equation (19)) is g(z,0, F) =

Note

S
% QSIX('T;G)
B(z,0,F) =S a9, F) X207
( ) ;1 ( )QS(H,F)

(@, F)
Bb,F)

that, since 1 > a*(6, F) > 8§ > 0 and 1 > Q,(, F) > § > 0 (assumption (T1)), for all

(0,F) € ©xCp,

S
5:52Q3‘Xx0)<Bx9F§ ZQS|X9;9 1 (27)
s=1 s=1
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The first and second derivatives of B(x, 6, F') with respect to 6 are

S . N ~
. - 0 B - QS\X *QS\XQS - QS|XQ5,0
Be($79>F) - %B(IL‘,H,F) _Z Qg0 Q +ag Q2 (28)
s=1 s s
and
.. H?
Bg(x,@,F) = WB(,I,@,F)
S . ~ _ ~
_ Z d;g Qf|X + 26'1,:79 QS|XQS A2QS|XQS70
s=1 QS Qs
.. A . XA XA 52
+a* Q5|XQ§ - 2QS‘XQS,9QS - Qs]XQs,GQS + 2@8‘){@570
s Q:S)’

Verifying the class {¢(s,2,0,F): (6,F) € © xC,} is Donsker:
By assumptions (T1) and (T6), the classes

{B(z,0,F): (0,F) € ©xC,} and {By(z,0,F): (0,F) € © xC,}

are uniformly bounded Py, 4,-Donsker classes. By Equation (27) and Example 2.10.9, page 192,
van der Vaart and Wellner (1996), the class

{B(;w: (0, F) e@xcp}

is a uniformly bounded Py, 4,-Donsker class. By Example 2.10.8, page 192, van der Vaart and
Wellner (1996), it follows that the class

{gf(xﬁ,F) = —%(x,@,F) : (0,F) €O x Cp}
g

is a uniformly bounded Py, 4,-Donsker class.
Finally, since the class {%(yh}, 0): 0¢ @} is Py, g,-Donsker (assumption (T6)) and bounded

in L1(Pay,g,) (assumption (T4)), and the functions %9 (0,F),i=1,...,S5, are bounded nonran-

dom continuous functions on the set § xC, (see (a) below), by Equation (25) and Example 2.10.7,
page 192, van der Vaart and Wellner (1996), we have the class {¢(s,2,60,F): (6,F) € © x C,}

is Py, g,-Donsker.

Verifying the classes have integrable and square integrable envelope functions:

We show that the class {¢(s,2,0,F): (6,F) € © x C,} has square integrable function and
the class{%gb(s, z,0,F): (0,F) € © x Cp} has integrable function.

By Equation (25) and Equation (26), it is enough to show that

d

Qj,e
Qj

Qi
Qi

, ,1,7=1,...,58, are bounded by some constant;

Qs
(@) ||%?

Qi
7| Qi
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(b) the classes {%"(w,@,F) : (0,F) €O x Cp}, {%"(w,@,F) : (0,F) €O x Cp},

{(%’(x,@,F)>2 : (0,F) €O x Cp}, {(ﬁ(ylﬁ;ﬂ))T";(fm@,F) (0, F) €O x Cp} have an

integrable envelope function.

Derivatives of Q4(0, F'): Derivatives QAM = %Qi and Qi,e = 88—922@,- are non-random functions
of (0, F') on a compact set © x C,. By assumption (T1), QS(H, F)>6>0forall (6,F)ec©xC,.

. ~ Qi, Qi, Qi, Qj,
This and (T5) imply ‘ Q:) < %, Q:) < %, Qi" ijo
Envelope functions for derivatives:

< g—;. Therefore we have (a).

d

Since 0 < as <1 (s=1,...,5,54 1), with assumption (7'5), we have
%56, )| < Qy0(6, F)| < L. (29)

Combine assumption (T1), (T5), Equation (28), (29) and 285:1 Qs x (7;0) =1 to get

. Qux 10 lQs + Qux Qs 4l
|1Bo(x,0,F)|| < {9 X gt X,

Qs Q2

IN

Me 1M«

o 52

[1If(ylx; 0)||dy + L
< —
=57 52

- / 1 £yl 0)1dy + 2 (30)

Whereclzé%>0and02:%+5%>0.

s=1

h

Similarly, for some positive constants c1, ca, c3,

1By(, 0, F)|| < Cl/Hf(y!x;@)de +02/Hf(y|w;9)de + cs. (31)
Since B(z,0,F) > 6 > 0, Equations (30) and (31) imply that, for some positive constants

C1, C2, C3, C4,

90
p (x,0,F) B (x,0,F)

_H By

<o / 17 (yl:0) 1dy + e,

2

A~

9 (2,0, F)|| < e ( / ||f<y|x;e>|dy)2+c2 / £yl 0)dy + s,
’ <

O (2,0, F)

Q)‘Qﬁ

IN

and

2
o1 [ Iz 0ldy + ( / Hf<yra:;e>udy) wes [ 1Fle0)ldy + e
f f :
. g _ . 0
(( ‘:L’, 9)) ?9(‘7379717) - (( |.CC,9)> E(]),H,F) §

7 ; (e [ 1wl +cr)

(by the Cauchy-Schwarz inequality). By assumption (T4), we have condition (b).

jﬁ(.yrx;e)
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Appendix C: Implicit function theorem

This version of the implicit function theorem is taken from Theorem 4E, Zielder, 1995, page
250. Let X, Y, and Z be Banach spaces, and let F'(u,v) is an n-times continuously Fréchet
differentiable map from an open neighborhood U (ug,vg) C X x Y of (ug,vo) to Z such that

F(UQ, 1)()) =0

and

Fy(ug,vg) : Y — Z is bijective.
Then there exist » > and p > 0 such that, for each given u € X with ||u—wug|| < p, the equation
F(u,v) =0
has a solution v, denoted by v(u), such that
v —vol| <.

Moreover, the function u — v(u) is n-times continuously Fréchet differentiable.

References

Begun, J. M., Hall, W. J., Huang, W. M. and Wellner, J. A. (1983). Information and asymptotic

efficiency in parametric-nonparametric models. Ann. Statist. 11 432-452.

Bickel, P.J., Klaassen, C.A.J., Ritov, Y. and Wellner, J.A. (1993). Efficient and Adaptive Esti-

mation for Semiparametric Models. Johns Hopkins Univ. Press, Baltimore.

BrEsLOw, N.E. AND CHATTERJEE, N. (1999). Design and analysis of two-phase studies with

binary outcome applied to Wilms tumor prognosis. Appl. Statist. 48 457-468.

BrEsLOW, N.E. AND HOLUBKOV, R. (1997). Maximum likelihood estimation of logistic regres-
sion parameters under two-phase, outcome-dependent sampling. J. Roy. Statist. Soc. ser. B
59 447-461.

BrEsLow, N.E., McNENEY, B. AND WELLNER, J.A. (2003). Large sample theory for semi-
parametric regression models with two-phase, outcome dependent sampling. Ann. Statist. 31
1110-1139.

BresLow, N.E., McNENEY, B. AND WELLNER, J.A. (2000). Large sample theory for semi-
parametric regression models with two-phase, outcome dependent sampling. Technical Report

381, Dept. Statistics, Univ. Washington.

BresLow, N.E., RoBINS, J.M. AND WELLNER, J.A. (2000). On the semi-parametric efficiency

of logistic regression under case-control sampling. Bernoulli 6 447-455.

21



DuDpLEY, R.M. (1989). Real analysis and probability. Pacific Grove, California.

GODAMBE, V.P. (1991). Orthogonality of estimating functions and nuisance parameters.
Biometrika 78 143-151.

HAaLL, W.S. AND NEWELL, M.L. (1979). The mean value theorem for vector valued functions:

a simple proof. Mathematics Magazine 52 157—158.

HIROSE, Y. (2005). Efficiency of the semi-parametric maximum likelihood estimator in gener-

alized case-control studies. Ph.D. dissertation, Univ. Auckland.

Lawcrgss, J.L., KALBFLEISH, J.D. AND WIiLD, C.J. (1999). Semiparametric methods for

response-selective and missing data problems in regression. J. Roy. Statist. Soc. Ser. B 61
413-438.

LEE, A.J. (2004). Semi-parametric efficiency bounds for regression models under choice-based

sampling. Unpublished manuscript, Univ. Auckland.

LEE, A.J. AND HIROSE, Y. (2005). Semi-parametric efficiency bounds for regression models

under case-control sampling: the profile likelihood approach. Unpublished manuscript, Univ.

Auckland.

McLEisH, D. L. AND SMALL, C. G. (1992). A projected likelihood function for semiparametric
models. Biometrika 79 93-102.

McNENEY, W.B. (1998). Asymptotic efficiency in semiparametric models with non-i.i.d. data.
Ph.D. dissertation, Univ. Washington.

MURPHY, S.A. AND VAN DER VAART, A.W. (1999). Observed information in semi-parametric
models. Bernoulli 5 381-412.

MURPHY, S.A. AND VAN DER VAART, A.W. (2000). On profile likelihood (with discussion). J.
Amer. Statist. Assoc. 95 449-485.

NaN, B., EmMoND, M. AND WELLNER, J.A. (2004). Information bounds for cox regression
models with missing data. Ann. Statist. 32 723-753.

NEwEY, W.K. (1990). Semi-parametric efficiency bounds. J. Appl. Econ 5 99-135.

NEwEY, W.K. (1994). The asymptotic variance of semi-parametric estimators. Econometrica
62 1349-1382.

POLLARD, D. (2002). A user’s guide to measure theoretic probability. Cambridge Univ. Press,
Cambridge.

PRENTICE, R.L. AND PYKE, R. (1979). Logistic disease incidence models and case-control
studies. Biometrika 66 403-411.

22



RoBiNs, J.M., Hsiex, F. AND NEwWEY, W.K. (1995). Semiparametric efficient estimation of

a conditional density with missing or mismeasured covariates. J. Roy. Statist. Soc. Ser. B 57
409-424.

RoBINS, J.M., ROTNITZKY, A. AND ZHAO, L.P. (1994). Estimation of regression coefficients

when some regressors are not always observed. J. Amer. Statist. Assoc. 89 846-866.

SEBER, G.A.F. AND LEE, A.J. (2003). Linear Regression Analysis, Second Edition. Wiley, New
York.

ScorT, A.J. AND WILD, C.J. (1997). Fitting regression models to case-control data by maxi-
mum likelihood. Biometrika 84 57-71.

ScotT, A.J. AND WILD, C.J. (2001). Maximum likelihood for generalised case-control studies.
J. Stat. Plann. Inference 96 3-27.

TsiaTis, A.B. (2006). Semiparametric Theory and Missing Data. Springer, New York.

VAN DE GEER, S.A. (2000). Empirical Processes in M-Estimation. Cambridge Univ. Press,

Cambridge.

VAN DER VAART, A.W. AND WELLNER, J.A. (1996). Weak Convergence and Empirical Pro-

cesses. Springer, New York.
VAN DER VAART, A.W. (1998). Asymptotic Statistics. Cambridge Univ. Press, Cambridge.

VAN DER VAART, A.W. AND WELLNER, J.A. (2000). Preservation theorems for Glivenko-
Cantelli and uniform Glivenko-Cantelli class, High Dimensional Probability, vol. II, 115-134,
(Eds: E. Gine, D.M. Mason, J.A. Wellner). Birkhuser, Boston.

23



