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1. Introduction

We consider a mixture of semiparametric models whose density is of the form

K
p(x;0,n,m) = > mepr(as Ok, mr), (1)

k=1
where for each k = 1,..., K, pg(x; 0k, nr) is a semiparametric model with finite dimen-
sional parameter 0 € © C R"* and infinite dimensional parameter n, € Hjy where Hy,
is a subset of Banach space By, and my,...,mx are mixture probabilities. We assume
that 7 > 0 for each k and 25:1 mr = 1. We denote 6 = (01,...,0k), n=(n1,-.-,7K)
and m = (71,...,7k). Once we observe iid data X;,..., X, from the mixture model, the

joint probability function of the data X = (Xy,...,X,) is given by

n K
p(X;0,n,7) = [ [ D mepw(Xis 0k, 1) (2)
i=1k=1

We consider 6 is the parameters of interest, and n and 7 are nuisance parameters. This
paper aim to establish large sample properties of the parameter 6 using EM-algorithm
and profile likelihood approach.

To discuss the EM-algorithm, we further introduce notations (we use notations from
[Bishop (2006)]). Let Z; = (Zi1, - .., Zix ) be group indicator variable for the subject i: for
each k, Zy = 0 or = 1 with P(Zy = 1) = 7, and Yr, Zip, = 1. Let Z = (Z4, ..., Zn).
The joint probability function of the complete data (X, Z) is

n K
p(Xv Z; 0777)77) = H H Wkpk Xza 6/(5777’6)] (3)
i=1k=1
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Then the EM-algorithm utilize the identity

log p(X; 0,7, ) Zq )log p(X,Z;0,n,7) — Y _ q(Z)log p(Z[X; 60,n,7), (4)
Z

where ¢(Z) is any distribution of Z ([McLachlan & Krishnan (2008)], Equation (3.3)).

In the E-step put

4(2) = p(Z|X; 0" 0, 7°7),
then it is well known that the gradient for the logp(X;8,n,7) coincides with the one
for >, q(Z)log p(X, Z; 0,m,7) at (6°'¢, n°ld 7old). In the M-step, maximize the expec-
tation of complete data log likelihood function ), ¢(Z)logp(X,Z;6,n,m) to obtain
(gnew prew gnew) Then repeat E-step and M-step iteratively until we achieve the max-
imum.

Under this procedure, the maximizer of the mixture log likelihood function log p(X; 8,7, 7)
with respect to 0,  and 7 is the same as the ones for the expectation of complete data log
likelihood function ), ¢(Z)log p(X, Z;0,n, 7) ([McLachlan & Krishnan (2008)], Section
3.4.1).

The EM-algorithm gives us value of the maximum likelihood estimator 6 of the mixture
model. However it does not give us the variance of the estimator. In the following, we
aim to establish asymptotic properties of the maximum likelihood estimator of 6 using
profile likelihood estimation with the EM-algorithm.

1.1. Estimation and asymptotic normality of the estimator

From the complete data joint distribution (3), we can derive the conditional distribution
p(ZIX; 0,7, 7):

p(X,Z;0,n,7)
Zzp(X Z;0,n,7)

_ HH Wkpk (X35 0, )] Zi%

i=1k=1 2uj= 17r]pJ(XZ79J7nJ)

n K
= TITIw(xi0,m% (5)

i=1k=1

p(Z|X;0,n,7) =

where
Xlaa )
’Yk(Xmaa??): ;(Tkpk( : nk) ) k:]-v,K (6)
> =1 ™ (Xis 05, m5)

Again from (3), the expected complete data log-likelihood under ¢(Z) = p(Z|X; 8,7, )

is

n K
> q(Z)logp(X,Z10,n,m) = > Y w(Xi;0,m)[log 7k + log pr(Xis O, me)]. (7)
Z i=1 k=1
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With the expected complete data log-likelihood (7), the method of Lagrange multiplier
can be applied to get the MLE 7y of my:

Ful0,7) = ==L 7’“75 Dp=1,. K (8)

We require that, as n — oo,
. P
(00, 10) = ok

where (0p,70) are the true value of (0,n) and mor, kK = 1,..., K, are the true mixture
probability.

The efficient score function and information matrix in the mixture model:
The score function for 6 and score operator for 1 in the mixture model given in (1) are,
respectively,

Uz;0,m) = 5glog <Z Wkpk($§9ka77k)> = Z%(x;é’,n)@logpk(x;ﬁk,mc), 9)
k=1 k=1

and

K K
B(x;0,n) = dylog (me(@%mﬂ) = > (w:0,m)dy log pi(w; O, mi) (10)
k=1 k=1

where i (z;60,7) is given in (6) with X; is replaced with . The notation d, is the
Hadamard derivative operator with respect to the parameter 7.

Let 0g,70 be the true values of 0,7 and denote {o(z) = £(x;0y,n0) and By(z) =
B(x;00,1m0). Then, it follows from the standard theory ([van der Vaart (1998)], page 374)
that the efficient score function ¢y and the efficient information matrix I, in the semi-
parametric mixture model are given by

o(w) = (I — Bo(B3Bo) ™" B)lo(x), (1)
and

Iy = E[lylF). (12)

Note: Equations (9) and (10) show that the score functions in the semiparametric

mixture model (1) coincide with the ones for the expected complete data likelihood (7).

The score function for the profile likelihood: In the estimation of (6,7n) we use
the profile likelihood approach: we obtain a function (8, F') = flg.r = (f1,6,7, - - - NK,0,F)
whose values are in the space of the parameter nn = (1,...,7k).
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Define the score functions for the profile likelihood in the model

9 K ) K ) 9 )
d(x; 0, F) = 20 log (; Wkpk(fC;gkank,e,F)> = ;%(%97776,10)% log pr.(z; Ok, Nr0,7) (13)

and

K K
Y(x;0, F) = dplog <Z Wkpk(xQHkaﬁk,e,F)) = yk(@; 0, 19,7 )dp 1og pi(w; Ok, Ti.0.5), (14)
k=1 k=1

We require that 1y = fjg,.r, and the condition (R2) below assumes ¢(x; 6, Fp) is the
efficient score function ¢o(z) in the model where 6y, 1o and Fy are the true values of the
parameters 6,  and cdf F.

Assumptions: We list assumptions used for Theorem 1.1 and Theorem 1.2 given
below.
On the set of cdf functions F, we use the sup-norm, i.e. for F, Fy € F,

|1F' = Fol| = sup [F(z) — Fo(z)].

For p > 0, let
C, = {F € F: |[F - | < p}.

We assume that:

(R1) For each (6, F) € © x F, the log-profile-likelihood function for an observation x

K
log p(z; 0, F') = log (Z TPk (2; Ok, ﬁk,a,F)) (15)
k=1
is continuously differentiable with respect to # and Hadamard differentiable with re-
spect to F for all z. Derivatives are respectively denoted by ¢(x; 6, F) = a% logp(z; 0, F)
and (x;0, F) = dplogp(x; 0, F) and they are given in (13) and (14).
(R2) The 4th-root-n-consistency of F,, n'/*(F,,—Fy) = Op(1), and ijs p satisfies g, 5, =
1o and the function

lo(z) = ¢(x; 6o, Fo)
is the efficient score function. o
(R3) The efficient information matrix Iy=E [lold] = ElppT (X; 60, Fp)] is invertible.
(R4) There exists a p > 0 and a neighborhood © of 6y such that the class of functions
{¢(x;0,F) : (0,F) € © xC,} is Py, n,-Donsker with square integrable envelope
function.
(Rb) If 6, — 6p and Fy — Fy as t — 0, we have for F € C, and 6 € O,

P(: 0y, F) — @360, F') = O(0 — o) and  ¢(x;0, Fy) — ¢(;0, Fo) = O(F; — Fo)
¢<x79t»F)_w($a‘907F):O(et—eo) and ¢<$79aFt)_¢($797F0):O(Ft—FO)
(16)

imsart-bj ver. 2014/10/16 file: Tech_report_hirose_2016.tex date: December 9, 2016



Technical report 5
(R6)
| Elo(x; 60, Fo)d™ (x; 00, Fo)v(; 00, Fy)]|| < o0 (17)

Main result: statistical generalized derivative and asymptotic linearity of
the estimator. To calculate the second derivative of the score function ¢(z;6, F,~y)
given in (13), we use the idea similar to the derivative of generalized function. Let ¢ —
(f,¢) = [, f(z)p(x)dx be a generalized function, where ¢ vanishes outside of some
interval. Then if f and ¢ are differentiable with derivative f’ and ', then by integration
by parts,

o= [ r@ein=— [ j@e@is = (1.9

We define the derivative (f’,¢) of the generalized function ¢ — (f, ) by —(f,¢’). This
definition is valid even if f is not differentiable, provided ¢ is differentiable.

Using condition (R1) and suppose the density for the profile likelihood p(z; 6, F') given
in (15) is twice differentiable with respect to 8, then by differentiating the identity

/ {59 log p(; aF)}p(m; 6, F)dz = 0,

with respect to 6 at (0, F) = (6o, Fo), we get equivalent expressions for the efficient
information matrix in terms of the score function ¢(x; 60, Fp):

fo = El66" (X80, )] = =B | 5o 0(Xsb0. o). (18)

From this equation we are motivated to define the expected derivative of the score func-
tion —F [ 527 ¢(X; 00, Fo)] by E[p¢” (X; 60, Fp)]. In the following theorem, we show that
the definition is valid even when the derivative of the score function 80%(%3:; 0, F) does
not exist.

Theorem 1.1 Let p(x;0,F) = Zszl TPk (T3 Ok, Tk 0,7), ¢(z;60,F) = %logp(x;G,F),

and P(x;0,F) = dplogp(z; 0, F) as defined in (15), (13) and (14), respectively.
Suppose (R1) and (R5), then, for 0, — 0y and Fy — Fy as t — 0, we have that
E [t7Ho(X;0,, Fy) — ¢(X; 00, Fo)}]
= —E [6(X; 00, Fo)o" (X500, Fo)] {t1 (0 — 00)} + of 1+ (6 — bo)}. (19)
Further suppose (R2) and (R6) then
E [t_l{¢(X; O, Ft) - ¢(X; 0y, FO)H = O{t_l(at - 90)(Ft - FO)} + 0{1 + t_l(Ft - FO)Q}" (20)

Note. Note that even when the derivative %(;5(1:;9,}7) does not exist the equation
(21) in the proof holds. Together with the derivative %p(z;&,F) exists imply that the
derivative of the map 0 — E [¢(x;0, F)] exists and it is given by (19). We may call the
derivative the statistical generalized derivative. Similar comment for (20) holds.
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Proof.
First we prove (19). For each ¢, the equality

0 t—! {/(b(a:;@uFo)p(x;@t,Fo)dx - /¢(33?90,F0)p(333907F0)dx}

- / {63 01, Fo) — (s 00, Fo) ol 61, Fy)da

+/¢($§901F0)t_1{p($;9t7F0) — p(z; 00, Fo) }dx
holds. It follows that

ty [ ¢ {0(a: 00, Fo) — 0(z3 o, Fo) (s O Fo)d

ting [ a3 0o, Fo)t ™ s 00 Fo) — plas 0o, Fo))do. (21

By the differentiability of p(x; 8, F') with respect to 6, the right hand side is equal to
0 T
—/¢(9C;907F0) [WP($;907F0) {}g%t (6, — 90)}} dx
=~ [ 00, Fa)o (a3 6o, Pt o, o { Jimy ¢71(6, — 00)}.
t—0

As long as we understood the limit ¢ — 0 is taken before the integral [ -dz, the above
can be written as

/til{(ﬁ(m; et? FO) - d)(fﬂ, 907 FO)}p(xa 0t7 Fo)dit
= —/¢(35§ 0o, Fo)o" (3 0o, Fo)p(; o, Fo)da {t ' (6, — 60) } + o(1). (22)

Using assumption (16), we get

= ’/t_lw(w;@uFo) — ¢(z; 00, Fo) Hp(z; 0, Fo) — p(a; 0, Foy) b

IN

/O{tfl(et — 00) H{p(x; 04, Fy) — p(a; 60, Fy) yda

Altogether, we have (19):

/fl{ﬁb(ﬂf; 0, Fo) — ¢(x; 600, Fo) }p(x; 00, Fo)dx

= /¢($§ 00, Fo)¢™ (x5 00, Fo)p(; o, Fo)da{t " (6, — 00)} + o{1 + 7' (6, — 6o)}.

imsart-bj ver. 2014/10/16 file: Tech_report_hirose_2016.tex date: December 9, 2016

’/t_l{qﬁ(x;@t,Fo) — @(x3 00, Fo) }p(; 0y, Fo)dx — /t_l{qﬁ(x;@uFo) — ¢(z; 60, Fo) }p(; 00, Fo)dx

= /O{tfl(ot — o) Yo(1)dx = o{t™(0; — 00)}.
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Now we prove (20).
By Taylor’s expansion,

p(x;0t, Fo) = p(x; 00, Fo) 4 ¢(x; 00, Fo)p(z; 0o, Fo) (0 — 0o) + o(0; — bo). (24)
Further,
p(z;0:, Fy) = p(;00, Fo) + ¢(w; 00, Fo)p(w; 00, Fo)(0r — 6o)

+9(; 0o, Fo)p(x; o, Fo) (Fy — Fo) + o{ (0 — bo) + (Fy — Fo)}. (25)
Using assumption (16)

¢('T7 9t7 F0)¢($7 9t7 FO)
= {¢(x; 00, Fo) + OO — 0o) H{1b(w; 00, Fo) + O(0; — 09) }
= ¢(; 00, Fo)Y(z; 00, Fo) + {¢(x; 00, Fo) + (300, Fo) }O(0; — 00) + O(0; — 04R6)

Since ¢(x; 0y, Fp) is in the nuisance tangent space and ¢(x; 6y, Fy) is the efficient score
function, we have

El¢(x; 00, Fo)(z; 09, Fo)] = /¢(m;90,Fo)z/)(x;HO,FO)p(x;Qo,FO)dx =0. (27)
As before, for each ¢, the following equation holds:
[ 63005 = (i1, Fa s 6, Py
=~ [ 6l Fo)t {plasbi. F) — plasbn, B (25)

By the differentiability of p(x;6, F') with respect to F' and (16), a similar proof as (22)
can show that, as t — 0, the equation (28) is equivalent to

[ #0100, F2) = 6(w: 00, Fo)plas b, F)do
= —/¢(ac;Qt,FU)z/J(x;9t7Fo)p(x;et,Fo)dx{t_l(Ft — Fy)} +o(1). (29)
The left hand side of (29) is as t — 0, using (16) and (25),
[ 6300 ) — o1, Fa s, )

- / (G (ws 00, F2) — (s 00, Fo) Y p(a: 00, o) + 6(: 8o, Fo)pl: Bo, Fo) (6 — Bo)
+(x; 00, Fo)p(x; 0o, Fo)(Fy — Fo) + o{(0: — 6o) + (Fy — Fp) }]dz

= /t_1{¢>(:r; 0:, Fy) — o(x; 04, Fo) }p(z; 00, Fo)da +t 1 0{(0; — 00)(Fy — Fy) + (Fy — Fp)?}.
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The integral in the right hand side of (29) is, using (24), (26) and (27),

/ (3 0p, Fo)i (s 0y, Fo)p(a: 0r, Fy)da

— [0t bo. Fapiai b0, o) + 03 00, Fo) + (s, F))O6 — 60) + O(0s — 00)}
x{p(x; 00, Fo) + ¢* (x; 00, Fo)p(x; 00, Fo)(0; — o) + 0(6; — 0p) }dx
= Elp(x; 00, Fy) o™ (x; 00, Fo)b(x; 0, Fo)|O(6 — 60) + O(8; — 6p).
Altogether, (29) is equivalent to
/t_l{q’)(m‘; 0i, Fy) — (304, Fo) }p(; 00, Fo)da +t Lol (0; — 00)(Fy — Fo) + (Fy — Fy)?}
= —Bl(x; 00, Fo)¢" (w300, Fo)th(x; 60, Fo)lt " O{(8; — b0) (Fy — Fo)} + ¢~ O{ (6 — 00)(Fy — Fo)} + o(1).

(20) follows from this with (17).
Using the result in Theorem 1.1, we can get the following result:

Theorem 1.2 Suppose sets of assumptions (R1) — (R6). Then a consistent solution, 0,
to the estimating equation

> (X3 0, o) =0 (30)
i=1
s an asymptotically linear estimator for 0y :
R 1 <~
Vil = 00) = == > 1o Ho(Xi) + op(1).
Hence we have that
V6, — o) AN (O,fo_l) as n — oo.
Proof

By Lemma 19.24 in [van der Vaart (1998)] together with the dominated convergence
theorem and condition (R4) implies

72 — (X 00, Fo)} = VNE{$(X; 0, F) — 6(X; 00, Fo)} + op(1). (31)
Using (19) and (20) , the right hand side of (31) is
VRE{6(X; 00, Fn) = 6(X; 00, Fo)}

0)

, Fy
= VnE{¢(X;0n. F,) — ¢(X;0n, Fo)} + VRE{$(X; 0, Fy) — ¢(X: 60, Fo)}
= V(0 — 00)0p(Fy — Fo) — Iov/n(0, — 00) + 0, {1 + v/n(0, — b0) + Vn(Fr — Fo)?},
(32)
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where I, = E{¢(X; 00, Fo)dT (X; 00, Fy)}. Since we assumed 4th-root-n-consistency, we
have /n(F, — Fy)? = O,(1) and F,, — Fy = 0,(1). Finally, (31) together with (32) and
=0

7= i 0K 0., F,) = 0 imply that

By — ) = % S I 6(Xis 00, Fo) + op (1),
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