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1 Introduction

Information criteria is a popular tool for a model selection, since it can be used to compare
non-nested models as well as nested models. Generally, there are two assumptions under which
we derive information criteria: (A) the true distribution may not be in the chosen parametric
family; (B) the true distribution is in the chosen parametric family. In model selection problem,
usually we do not know the true distribution is in the chosen parametric family. Therefore, the
assumption (A) may be a more practical assumption.

Some authors considered model selection using the profile likelihood under the assumption
(B). For example Xu, Vaida and Harrington (2009) used profile likelihood to derive the profile
Akaike information criteria. Claeskens and Carroll (2007) used the profile Akaike information
criteria to apply their method of focused information criteria (Claeskens and Hjort (2003)) in
the context of semi-parametric models. In this paper we derive an information criteria using the
profile likelihood under the assumption (A) for parametric and semi-parametric models.

We consider parametric and semi-parametric models of the form
P={f(z;0,n): 6€O©,neH} (1)

where f(z;60,7n) denotes a density with two parameters: 6 is a finite-dimensional parameter of
interest, and 7 is a nuisance parameter, which is finite-dimensional for a parametric model and
infinite-dimensional for a semi-parametric model.

Let G(z) and g(x) be the true cdf and pdf for which the data Xi,..., X, are generated. The
expectation of a function ¢(X) of X with respect to G is denoted by E{¢(X)}. Let us define

(0o, mo) as the maximizer of the expected log of density

Then the assumption (A) is equivalent to the situation that “we may have g(z) # f(x;6,n) for
all 0 € © and n € H” and the assumption (B) is “we have g(x) = f(x;60,m0)”.

2 Profile Likelihood Information Criteria

In this section we derive information criteria for parametric and semi-parametric models with
nuisance parameters. We assume the assumption (A) that the true distribution (density) g(x)
may not be in the chosen parametric family. The information criteria derived here will be
called the profile likelihood information criteria (PLIC) since we use the profile likelihood for
the derivation.

Suppose the model P in (1) may be a semi-parametric model and a function 7jy is the

maximizer of the expected log of density given a value of the parameter 6:

flg = argmax, E{log f(X;6,n)}. (2)



Then the profile log-likelihood is given by
/log f(x;0,179)dG, ()

and the profile likelihood score equation is

0 .
55 [ 1087 (w:0.0)dGon () =0, )
Note that the function 7y satisfies 7, = 0.
Let
Z(m-a)—ﬁlo f(x:0,99), € (m~9)—87210 £ (0, 7p) (4)
1\&Ly - 90 g y0,Me), €11\T;5 — 8089T g 30.M9 ),
and
Jin = —E{l11(X;00)}. (5)

Under the mild regularity conditions the standard Taylor’s expansion argument can show that
the solution 6 to the profile likelihood score equation (3) is asymptotically linear estimator such
that

n2(0 — 00) = n™12 Y " T (X3 00) + op (1), (6)
=1

(cf. Murphy and van der Vaart (2000), Hirose (2011)). The function ¢ (x;0) is called the
efficient score function.
For the 6 and My given above, we will derive an information criteria based on the Kullback—

Leibler distance between g(-) and f(-;6, M)

Ho(). 50,00} = [ losg(e)dGla) — [og flasdip)iGio).
Since the first term in the right hand side is constant, the Kullback—Leibler distance is
determined by the second term.
If we use the integral [log f(z; 0, 715)dGr(z) as an estimator of the second term, the bias of

the estimator is
bias = E{/logf(x;é, 15)dGy () —/log f(x;é,f/é)dG(:v)}
= { [os s e, - 6]

By Taylor’s expansion
. _ . 1 . _ o
log f(z;0,7;) = log f(x;60,m0) + {1(z;00)" (0 — 60) + 5(9 — 00)" 011 (23 67) (0 — 6o)
where 6* lies between 6 and 0p. It follows that the bias is
bias = 5 [ log fastn, md(G:, ~ G) o)
+n"'E {n1/2 / Oy (z300,m0) d(Gn — G)(z)n'/?(0 — 90)}

+(2n)7E {n1/2(é — eo)T/ZH(x; 0)d(G,, — G)(z)n'/? (0 — 90)} :
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In the right hand side, the first term is zero. The equation (6) implies n'/2(0—6y) = Op(1). Tt
follows that the third term is op(n 1) due to the uniform law of large numbers (Glivenko-Canteli
theorem). We look closely at the second term in the right hand side. Using [ #1(;6p)dG(z) =

and (6), this term is equal to

w B {nl? [ o 0) 4G o0~ 00}
{ 1/2/£1dG > Ji! (nl/z/ildGn>}+0(n_l)
_ { < 1/2 / zadan>}+o<n1>
(75

M) +o(n ™) (7)

= n lr
where
Iy = E{0:(X;60)%%}.
Therefore
bias = n " 'tr (jﬂ1f11> +o(n™h).

Since the form of information criteria using the profile likelihood is

—2n x {/log F(x;0,75)dGy(x) — bias},

we have the profile likelihood information criteria (PLIC)

PLIC = -2 log f(X;0,7;) + 2tr(Jy;' I11) (8)
i=1
where we ignored the o(1) term.

When the assumption (B): g(z) = f(z;600,m0), is true, we have I;; = Ji; and
tr(jﬂlfn) = tr(fl_llin) =p,

where p is the dimension of the parameter #. Then the PLIC become the profile Akaike infor-

mation criteria in Xu, Vaida and Harrington (2009)

—2 "log f(Xi;0,7;) + 2p.
i=1

2.1 Alternative formula to compute PLIC

The PLIC given in (8) requires the function 7y which is defined by (2). In practice, it is
sometimes computationally difficult to deal with the function 7. Therefore it is nice have an
alternative expression for the PLIC without using this function. In this section we will derive
such an expression for the PLIC under the assumption (A) that we may have g(x) # f(z;0,n)
for all  and 7.



First we assume that 7 is a finite-dimensional parameter so that the model P given in (1) is

a parametric model. Let us denote the score functions

( 01(;0,n) ) _ ( o log f(x;0,n) ) ()
Uo(a;6,m) o5 log f(x:6,m)

and the second derivatives

621(3370577)7 622('%70777) 3770%108;]?(%9777)7 ﬁl(}gf(l‘7e7n)

Also let
Jit,  Ji2 _ E{l11(X;00,m0)}, E{l12(X;00,m0)}
Jot,  Ja E{l21(X;00,m0)}, E{l22(X;00,m0)}

LEMMA 1. For the efficient score function {1 (z;60) and the efficient information matriz Ji
given by (4) and (5), we have

O(x300) = L1(x;00,m0) — Jradg ba(x; 00,m0), (11)
and

Jin = Ji — J12doyt Jor. (12)

PRrOOF. Note that the function 7y given by (2) satisfies 7jg, = 1o and
E{03(X;0,79)} =0 for all 6,

where f5(x;6,7) is the score function for n defined by (9). By differentiating this equality with

respect to 8, we get

E{l12(X;0,m9)} + <69T7)9> E{ly2(X;0,19)} =0 for all 6.

It follows that, at 8y, we have

Hence the efficient score function

~ 0
U (x3600) = &7

) . o\ .
20 log f(x;0,79) = £1(x;00,m0) + (MTW> lo(z300,m0)

0=09
is given by (11). Now, the second derivative is

32

A i} o\ .
S0907 | losf(xib,mp) = 511(95;90,770)+2<(99T7700> r2(z; 60, m0)

6=0o
a . . ad . 0% .
+ <80T7790) 622(1';90’770) (aenﬁo) + (WUQO) 52(55;00,770).
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By taking expectations of these functions, it follows with (13) that (12) holds. O

Equations (11) and (12) give us a formula to compute the PLIC: let

JW = (Ji1 — Jiadpg Jo1) 7! (14)
where
1 X - .
Jij =~ > li(Xi:6,9)
i=1
and let "
1 PN Ao
In= = {h(Xi:0,0) — JigJos la(Xi:0,17) 12
=1
The PLIC is computed by
PLIC = -2 logf(X:;0,7) + 2tx(J1 ). (15)
i=1

This formula does not require the function 7. It only requires the score functions (9) and the
second derivatives of the log of density (10) in addition to the MLE (6, 7).

Suppose 7 is an infinite dimensional parameter so that the model (1) is a semi-parametric
model. In the case of nonparametric maximum likelihood estimator 7 of n, the estimator is in
a finite dimensional space. We can have score functions for § and n as if it were a parametric

model. So the formula (15) is applicable in these semi-parametric models.

2.2 Example: Semi-parametric stratified sampling model

Suppose the underlying data generating process on the sample space ) x X is a model

Q={f(y,x:0,m) = f(ylz;0)n(x): 6 €O, neH} (16)

Here f(y|z;0) is a conditional density of Y given X which depends on a finite dimensional param-
eter 6, n(z) is an unspecified density of X which is an infinite-dimensional nuisance parameter.

For a partition of the sample space ) x X = UleSs, define

Qul:0) = / F(y]2:0) 1y res. dy.

and let

Qu01) = [ Qulastyn(a)da
be the probability of (Y, X) belonging to stratum Ss. In standard stratified sampling, for
each s = 1,...,5, a random sample of size ns, (Ys1, Xs1),---s (Ysne, Xsn.), is taken from the

conditional distribution

f(y|$a 9)77(95)1@@)683
Qs(0,1m)

of (Y, X) given stratum S;. We aim to find the maximum likelihood estimators for § and 7

fs(y7x§ 0777) =

(17)

based on the data from the stratified sampling.



To find a nonparametric maximum likelihood estimator 7 of 7, we assume that the support

of the distribution of X is only at the observed values:
supP(X) = {v1,..., vk}

Let (m,...,nx) ={n(v1),...,n(vk)}, then ng =1 — ZkK:_ll Nk and logn(x) and Qs(A,n) can be
expressed as
K
log 77('%') - Z 1{x:vk} log n,
k=1

and

Qs(‘9777) = Qs(vk;e)nk:-

gl

The log of density is

K K
log fo(y, z;0,m) = log f(yla;0) + > L{zey,} logmy + log {Z Qs (vk; 9)%} -

k=1 k=1

The derivatives of the log of density are

; 9 S 1yl 0) | Sl ZQs(vks 0)m

ly(s,x;0, = oy log fs(y,x;0,n) =
s o) = gploa fslmi b =S50 o TS G (o 0
and
lo(s,230,m) = <3(2k10gfs(y,x;9ﬂ7):k?=17--.7K—1>
1{:p:v } 1{3::1) } Qs ('Uk§ 0) - Qs(vK§ 9)
— kY _ LS —|— K kzl,,K—l .
Mk nK Y1 Qs(vk: O) 1y,

The second derivatives éll, élg, 521, 522 can be calculated similarly.

Let (6,7) be the solution to the score equations ZSSZI >y 01(s,Ysi, Xi30,9) = 0 and
SO S o(s, Yai, Xei3 0,7) = 0. With the log-likelihood log Ly, (8,1) = 325, 27 log fo(Yai, Xsi; 6, 7),
the PLIC is calculated by

PLIC = —2logLn(0,7) + 2tr(J"1 1) (18)
where J is given by (30) with J;; = 1 Zle Yo 0ii(s, Vi Xsis 0,7) and I1; = 1 Zsszl Z?:Sl{él(sa Yii, Xsi30,7)
J12ds5 0o (5, Yai, X33 0, 1) }22.
3 Method of re-parametrization

Scott and Wild (1997, 2001) proposed a method of re-parametrization of profile-likelihood so
that the log-likelihood is an explicitly defined function in terms of the parameters in the re-
parametrized model. It turns out that their estimator is efficient. Motivated by their work,

under the assumption (B) that the true distribution is in the chosen parametric family, Hirose



and Lee (2011) showed conditions under which re-parametrization gives efficient estimation in
a context of semi-parametric multiple-sample model. In this section, we extend the results to
the more general situation (A) that the true distribution may not be in the chosen parametric
family.

The reason why we consider this method is that if the estimators of the parameter of interest
are the same in the original semi-parametric model and the re-parametrized model, then the
information criteria for these two models should coincide. We will show that the PLIC given
above has this property.

In the multi-sample model, we observe S independent samples
Xsl;---stnsa S = 1,...,5,

where each sample X1, ..., Xs,, is independently and identically distributed according to the

true cdf G5. Let n = Ele ns. We assume (“1,...,2%) = (wy,...,wg) where wy > 0 and
S
Zs:l Ws = L.
Suppose we choose an S-vector of semi-parametric models (Py,...,Psg) where, for each
s=1,...,85,

Ps={fs(z;0,n): 0 €O, necH}

is a probability model on the sample space X; with the parameter of interest 0, a finite-
dimensional parameter, and the nuisance parameter 7, which is an infinite-dimensional pa-
rameter.

Let (6p,mn0) be the maximizer of the expected log of density:

S
(0, m0) = argmaxy, > w,Ey{log fo(X;0,7)},
s=1
here E; denotes the expectation with respect to the cdf Gi.

We assume that the function 7y satisfies

0

S
an ZwSES{log [s(X;60,m)} =0 foralldecO.
n

n="e s=1

Then the the efficient score function in the multi-sample model is given by

- 0 R
El(sam;e()) = % lo%fs@ﬁﬂ?@) (19)
0=0¢

Define

I = Zws ; {zl 5, X 90)®2} (20)

and

Jll— Zws 5{866971

log fs(X; 9,779)} : (21)



By the derivation of PLIC in Section 2, the PLIC for the multi-sample semi-parametric

model is

S ns
PLIC = -2 Y log fu(Xui;0,1) + 2tr(Jy; 1) (22)
s=1i=1

In the method of re-parametrization, we assume that the density for the least favorable

submodel is of the form
fs(x;0,%9) = fi(2;0,q9), for0 €O, s=1,...,5, (23)

where gy is a function of § whose values are in a finite dimensional space, the function f!(x;0, q)
is twice continuously differentiable with respect to (6, q) and ¢ is a finite dimensional parameter.
Let go = gp,, then, since ny = 7jg,, we have fs(z;60,m0) = fL(z;60,q0). With an appropriate
neighborhood D, of gy in the Euclidean space, the model

Py ={fi(x;0,q):0€0,ge D}, s=1,...,5
is called the re-parametrized model. Further, suppose

0

S
94 ZwsEs{log fi(z;0,q9)} =0 for 0 € ©. (24)

4=q0 s=1

Then the the efficient score function in the re-parametrized model is given by

2/1(3, x;0p) = 2

/ .
o0 lOg fs(l‘707QG)' (25)

0=0o

Let
I, = Zws S{ s, X; 90)®2} (26)

and

2

== Zws S{aeaaT

Again, by the derivation of PLIC in Section 2, the PLIC for the re-parametrized model is

log fo(X; 9,619)} : (27)

S  ns
PLIC = —2) > log f{(Xa;0,q5) + 2tx{(J};) "I, }. (28)
s=1 i=1

From the assumption (23), it is immediate that the PLICs (22) and (28) are the same
information criteria with different expressions.

Let

é’l(s,x;e,q) %logf (z;0,q) and fé(s,x;@,q) = aaqlogf;(m;e,q)



be the score functions for  and ¢ in the re-parametrized model, respectively. Also denote the

second derivatives

2 . 2
By the derivation of the formula (15), we compute the PLIC (28) in the re-parametrized
model by
o S ns A . .
PLIC = —2) ) log fi(Xu;0,q) +2te{(J)" I}, }. (29)
s=1i=1
where
(I = (Jiy = Ja(J) " an) 7 (30)
A S ns . ~
Ty =071 0N (s, Xaii0,4)
s=1i=1
and

S n
Ly =n""Y 0% {015, Xi0,4) — Jia(J50) ™ (s, Xois 0, 6) ).
s=1i=1
In the next, we apply the result to the example of stratified sampling example given in
Section 2.2.

3.1 Example: Semi-parametric stratified sampling model continued

This example is a continuation of the semi-parametric stratified sampling model which we dis-
cussed in Section 2.2. For each s =1,...,5, let G5 be the true cumulative distribution function
(cdf) which we aim to approximate by the chosen model fq(y,x;6,7n). Let ws, s =1,...,85, be
the weight probabilities, i.e., ws > 0 for all s and > ws = 1. The expected log likelihood with
the weight probabilities wg and the cdfs G is

Zws/logfs y,x;0,n)dG Zws [/ {log f(ylz; 0) + logn(x)} dGs —log Qs(0,n) | -

Again we assume that the support of the distribution of X is finite:
supP(X) = {v1,...,vk}.

To find the maximizer (n1,...,nk) of the expected log-likelihood at 6, differentiate the expected

likelihood with respect to 1 and set the derivative equal to zero,

[ Lo, dGs st(vk;‘))} _
i Zws/logfs y,x;0,n)d ZwS{ Nk Qs(0,m) -0

The solution 7 to the equation is

. _ _ Zf:l Ws [ Lo=u, dGs
fo(vk) = n = S Qsx (vg30)

Zszl ws QS(GJI)

10



This form motivate us to work with a continuous extension of the solution: Suppose gs(y,x) is
the density funciton corresponds to the distribution function G, then the continuous extension

of the solution can be written as

where
S
Zws/gs dy7
s=1
and
[ Qux(a0i(e.0.Q0)dr, s=1.....5
Now let

f(ylz; 0) 1y s)es. i, 0, Q6))
Qs(6)
be the model we wish to re-parametrize. From this it is immediate that condition (23) is satisfied
(with Q(0) = (Q1(0),...,Qs(0)) as the function gg).
By replacing Q(G) = (Ql(e),...,Qs,l(e),égs(e)) with ¢ = (q1,...,9s-1,1), we consider a

re-parametrized model of the form

fS(yux;eufl@): bl 8217"'757 (31)

0)1(y ses.n(x, 0,
fé(y,m;ﬁ,q)zf(y‘x )(y,q)essﬁ(ff q), s=1,...,85,

where

qs
The true value of (0, q) is

B Q1(0o, 90) Qs-1(00, 90)
(b0, @0) = (007 (QS(90790)7”" Qs(00, 90) ’1)> .

For j =1,...,5 — 1, the derivative is

S

0 o (gm0 — 0% oS Quix(f)
@ZUJSES{ ngs(yam,07Q)} - —%ZwsEs OngS/qi_F 0g (s
s=1

It follows that, for all 8 € ©, we have

9
dq

ZwsE {log fi(y, z;0,9)} =
a=Q(0)

11



This verifies the condition (24). Therefore the formula (29) is applicable to this example.
The log of density in the re-parametrized model is
: . S Qupx(:0)
log fi(y,x;0,q) = log f(ylz;0) +logg*(z) —log | wy——"~—"— —loggs.

s'=1 s/
The score functions in the re-parametrized model are

. 0
O (s,y,2;0,q) = g 108 fily,x;0,q)

o
s ZQur x (:0)
S flz:0)  Xi w, 225D

f(y’mve) ES w /M

s'=1"s qy

and

O(s,y,7;0,q9) = <£klogf§(y,a:;9,q) k= 1,---,S—1>

Q| x (;0)
W q]% 1k:s
= 3 QU @ k=1,...,5-1
Z w /é

s'=1 K} qy

The second derivatives £, ¢4, /4, /4, can be calculated similarly.
Then PLIC in this model is calculated by (29) with obvious modification. Since PLICs in
the original semi-parametric model and the re-parametrized model coincides, this value must be

close to the one calculated by (18).

4 An extension of PLIC

We have developed PLIC using Kullback—Leibler distance between g and f(x; 0, 7y) Where the
function 7y is given by (2). For the empirical cdf G,,, define

fo.c,, = argmax, / log f (: 6, 7)dGi (). (32)

In this section, we show that the reason why it is not useful to have a PLIC based on the

Kullback—Leibler distance between g and f(x; 0, uk Gn):

Ho(). 1005 )} = [logg@)dG(e) ~ [ log f(z:.5, )G (a) (33)

We assume that the parameter 7 is a finite dimensional parameter so that the model (1) is
a parametric model.

The bias of [ log f(z; 0, ., )4Gn(x) as an estimator of the second term in (33) is
bias = B { [0 (030,15, 10G (o)~ [ 108 105075, )G |
= B [1og iy )ilG - )}

12



By Taylor’s expansion, for some 8* between 6 and 6y, and for some n* between 7y, g, and

o, the bias is expanded as
bias — E { / log £(; 60, 70)d(Gon — G)(:c)}
B {n1/2 / 71 00, )T d(Gy — G) () /2(0 — eo)}
w71 {2 [ s, ) (G~ )W, )}
+(2n) 1B {W?(é — 0y)7 / To1(2:0%, ) (G — G) () 2(0 — 00)}
(208 {0 2, — )" [ a0, 37)aGo — G i, — ) |
+n'E {n1/2(é — 09)Tnt/? /{21(:,;; 00, Gn) — £1(x; 00, G) }d(Gr — G)(m)} :

The first term in the right hand side is zero. Due to (35) in Lemma 2 given below, the last
term in the right hand side is op(n~1). By (37), n!/2(§—60y) = Op(1). Under the mild regularity
conditions we have the uniform weak law of large numbers: supy [ £11(x;0, Gp,)d(Gy, — G)(z) =
op(1). These imply the forth term in the right hand side is op(n~!). Similarly, the fifth term
in the right hand side is op(n~!). We look closely the second and third terms in the right hand
side.

Using (37) and (7), the second term in right hand side is equal to
n”ltr [jﬁlfll} +o(n™h).

Similarly, using (34) and [ f2(x;6,70)dG () = 0, the third term in right hand side is equal

to

n B {nm [ atasto, m) (G, — Gy a6, - no>}

T
= n'E { (nl/Q/éQdGn> JQEI <n1/2/52dGn>} —I—O(n_l)
= n ltr {JQ_lear (n1/2 /@dGn) } +o(n™t)

= n tr(Jy Ia2) +o(n™h),

where Ioo = E(ngg)

If we combine all of these, the bias can be written as
bias = n~tr(J 1) + 0 e (Jp Tag) + o(nh).

The extended profile likelihood information criteria (PLICqy) is given by

n
PLICew = —2) log f(Xi0,7¢ )+ 2tr(J5; 1) + 2tr(J5;' Tog)
=1

13



The term tr(J{QIIgg) depends on the choice of parametrization for the nuisance parameter
7n. For example, in the stratified sampling example, when g(x) = f(z;60,10) we have Jag = Ioo
and, tr(Jyy' Io2) &~ n for the original semi-parametric model and tr(J,,' Io) = S — 1 for the re-
parametrized model. The PLICqy is not useful to compare parametric/semi-parametric models
with nuisance parameters.

The next lemma gives asymptotic linear expansion of the maximum profile likelihood esti-

mator  and N00,Gr -
LEMMA 2.

(a) For the function 1y, given by (32), we have
i, =) =172 [ T b0, )G (2) + 0(1) (39

2
where Jog = —E = {&;%W‘(?:@om:no log f(xz;0,n)}.

(b) For the function 01 (z;0,G,) = % log f(x;0,7,c,), we have
nl/? / {01(x:00, G) — (2360, G)}dGo () = op(1). (35)
(c) A solution 0 to the profile likelithood score equation
nl/2 / 0 (@0, G)dGo (2) = 0 (36)

s an asymptotically linear estimator such that

nV/2(6 — 9y) = n!/2 / TV (360, G)AGin () + 0p (1), (37)

PRrROOF. (a) From (32), the function 7y, g, is solution to
n1/2/lfg(x;ﬁg,ﬁgo,gn)d(?n(x) =0

where loy(x;0,1) = (.%log f(x;0,n) is the score function for . By usual Taylor’s expansion
argument, it follows that n'/ %(fay.;, — Mo) has an asymptotic linear expansion (34).
(b) Using

0(230,G) = b1 (x;0,70.6) + <£T779,G> Ua (36, 70.c)
and Taylor’s expansion, there are n* and n** in between 7y, ¢, and 7y, ¢ = 1o such that
w2 [0 (5360, Gu) — 360, G) }dGin(0)
= [ fialasbo.w7)dG (o), — )
+ (({;ZT%O,G”) /522(% 0o, 0™ )dGy ()0 (g, — m0)

9 A A .
+ {WHI/Z(WO,@L - 7700,6‘)} /fz(iﬂ;eo,ﬂo)dGn(x)o

14



Since G,, = G, we have i en £ fo.c = Mo and it follows that n*, n*™* Lig

Then under the mild regularity conditions, we have that

o . p 0 _
90T 160G = 57 100.G = —J12J5'

/212(1?;‘90,7]*)dGn($) L /212(1?;90,770)61(;(95) = —J12,

/ggg(l';eo,n**)dGn(:L') —P> /Z22($;90,T]0)dG(l') = —.]22
and

a A~ ~
{agT”l/Q(nao,Gn - 7790,0)} = Op(1).

The claim follows from these.

(¢) By (35), the solution 6 to the equation (36) also satisfies
12 [ 7 (.4 _
n /El(sv,G,G)dGn(x) = op(1).

Then by usual Taylor’s expansion argument, we have (37). O
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