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C(r, t)

�bK1:I5 8;)hYW'*5Q0
SL2�Y/6%.GY/,/.10-'3240*5c6J.V8I,xTr240*5cg�'-,B8;5	��:G+*2f.10�8I2f.G+O:I. TU57S75c,�: YW6J.;aG.I)x,/.10-'*,x8;,�:;P ]ISL2%K1:I,h+
]G2%'*2%ScS7g/S7S7,�+�,W0`+-:�
 +-2%TU,�.10`Sc6J.I�%:I,h+�]b6J:I'`K1:I,XYW,/0{0-,X8I5�� :G+-5c6J.R+-6%5c0`HI6%TV6J�%g/.G,%$
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0 L x
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,W0`6J. ��2%5Q0`:I.9Y3HG2%.I�%,�TU,�.10e8I,

� 6J.GY 0*5c6J.�57.GYW6J.I.�:I,%� ,/. '-,�TV]IS72 � 2%.J0 C∗
�_]G2f'

C = C0−C∗

C0

$pwx. 8;6%5c0�8I6%.GYU'*)�+-6%:G8;'*,
S7,A++*;+{0-g/TV,A+-:I5
�42%.J0h�

(P ) =















∂C

∂t
=

∂(D(x) ∗ ∂C(x,t)
∂x )

∂x
(x, t) ∈ [0, L] × [0, +∞[

C(0, t) = C(L, t) = 0, ∀t > 0
C(x, 0) = 1, ∀ x ∈ [0, L]
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0*5c6J.G+�]b6J:I'e)W032f�IS757'eS~^ ,WP;5L+?0*,/.GY/,A,W0eS~^ :I.I5LYW5c0-)q8_^ :G.I,A+{6JSc:;0*5c6J.d2f:R]I'-6J�IS7g/TV,%$
wx.R.I6f0*,%�

� � S72V8;5	� :G+{5 ��5Q0*)%$
D = DI1]0,L/3[ + DS1]L/3,L[

��N 8;,AY/S72J+-+-,
C1 ]G2f'eTV6%'3YW,h2f:;Pr0*,/S7Sc,XK1:I,J�
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C(x) =

{

CI (x), O ≤ x < L/3
CS(x), L/3 < x ≤ L

�
C ′
S72V8;)�'-5 �%)�,B8;,qN 2f:9+-,/.G+e8;,h+`8;5L+?0*'-57�I:;0*5c6J.G+e+-:I'����G� n��

�
ϕ∈D[0, L]

C ′
,W0

D
+-6%.10(8;,�+ � 6%.GYW0-576%.G+(Y/6%.10-57.�:I,�+ ]b2f'FTV6%'3YW,h2f:;P�2 �J,�YO:I.I, Y/6%:I]I:G'-,�,/.

L/3
$

n ,�]I'*6;8;:I5c0�8;,AY/,�+ � 6%.bY 0-576%.b+
C ′D

,�+{0�Y/6%.10-57.�: ]b2f'�TV6%'3YW,�2%:;Pr,W0`2f]G]G2f'-0-57,/.10 ��S�^ ,�. �
+{,�T��IS7,

L1
loc

$Jnp2B8I)/'*5
�J)/,e8;, Y/,e]I'-6;8;:G5Q0\Y/6%.10-57,/.10(:I.I, TU,h+{:G'-,e8;,��x5c'32%Ye2 �J,�Y�:I. +*2f:;0
,/.

L/3
$pwx'A,�.

δ(L/3)
� 6J. . ^ 2=]G2%+X8I,	��2%Sc,�:I'�Y�2f'�Y/,r. ^ ,h+?0q]G2%+X8I)WaG.I5�$pnp2dYW6J.G8;5
�

0-576%.
CI(L/3) = CS(L/3)

,�+{0(.I,hYW,�+*+*2f57'-,�]b6J:I'(K1:I,
T = DC ′

+-6%5c0(:I.I,`8;5L+?0*'-57�I:;0*5c6J. $
N�2fSLYW:IS 8I,AS72V8;5L+?0*'-57�I:;0*5c6J.

T ′
�

< T ′, ϕ > = − < T, ϕ′ > = −
L
∫

0

D(x)C ′(x)ϕ′(x)dxD(.95c.10*)/�%'32f.10�]G2f'e]b2f'-0-57,�+��;6%.R6%�;0*5c,�.J0h�
< T ′, ϕ > = −[ D(x)C ′(x)ϕ′(x) ]

L
0 +

L
∫

0

(D′(x)C ′(x) + D(x)C ′′(x) + δL/3(DIC
′

I − DSC ′

S) )ϕ(x)dx
<;2%Y3Hb2f.10�K1:I,

ϕ ∈ D[0, L]
,/0

D′(x) = 0
+{:G'

[0, L/3[
,/0

]L/3, L]

=
L/3
∫

0

D′(x)C ′(x)ϕ(x)dx+
L
∫

L/3

D′(x)C ′(x)ϕ(x)dx+
L
∫

0

( D(x)C ′′(x) + δL/3(DIC
′

I − DSC ′

S) )ϕ(x)dx

< T ′, ϕ > =
L
∫

0

( D(x)C ′′(x) + δL/3(DIC
′

I − DSC ′

S) )ϕ(x)dx

< T ′, ϕ > = < D(x)C ′′(x) + δL/3(DIC
′

I − DSC ′

S) ϕ(x) >

<�:I]I]�6J+-6%.G+
f
:G.I, � 6%.GYW0-576%. Y/6%.10-57.�:I,9+{:I'

]0, L[
,W0

C
0*,/SL+VKJ:G,

−T ′ = f
8I2%.G+

D′[0, L]
�

−T ′ = f ⇐⇒ −D(x)C ′′(x) − δL/3(DIC
′

I − DSC ′

S) = f+{5
DIC

′

I (L/3) = DSC ′

S(L/3)
2fS76%'3+

−D(x)C ′′(x) = f

N�,h+?0`2%5c.G+-5 +-6%S7:;0-576%.98;:9]I'*6%�IS7g/TV,

(P ′) =







−DIC
′′

I (x) = f(x) 0 < x < L
3

−DSC ′′

S(x) = f(x) L
3 < x < L

CI(
L
3 ) = CS(L

3 ) DIC
′

I (
L
3 ) = DSC ′

S(L
3 )
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wx.98I)WaG.I5c0��
� :I.9]G2J+e8_^ ,�+-]G2%Y/,

h =
L

N + 1
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��:I.9]G2%+e8;,�0*,/TV]G+
τ =

Tf

K�
N
S7,�.I6%Tq�I'*,�8I,B]�6%57.10*+`8I)W0-,�'-TV57.G2f.10eSL2U8I57+*YW'*)W0*57+*240*5c6J.R8;,AS�^ ,�+-]G2%Y/,

�
K
S7,A.I6JT��I'*,A8;,�]b6J5c.10*+ 8;57+*YW'*)W0*57+*2f.10�Sc,�0*,/TV]G+

�
Tf
S7,�0-,�TV]G+`8;,BaG.d8_^ )W0*:G8;,

�
L = lg

SL2USc6J.I�%:I,�:I'`8;,h+�]IS72JK1:I,�+�$

i+1CC
k
i

Ci
k+1

k

L0

 ����� b%$ b ��� 4 � 2 2	4�� #8+-#�+"� ���.(��.&)� �.4"& � �"!

n , �J,�YW0-,/:G'
C(k) ∈ R

N '*,/]I'*)�+-,/.10-,�'*2 �qS�^ 5c.G+{0*2%.10
tk = k ∗ τ � 2 �%,�Y 0 ≤ k ≤ K � Sc,h+�42fS7,/:G'*+�8;,ASL2V+{6JSc:;0*5c6J.

C =
C0 − C∗

C0

2f:;P ]�6%57.10*+
xi = i ∗ h

$
D(. ��2f5c0��

C
. ^ ,h+?0e]G2J+\:I.G,���'32f5 YW6%.bYW,/.10*'*2f0-576%. �1S72UYW6J.GYW,�.10-'3240-576%.

C∗
,h+?0e8;6J.I.I)/,B]G2%'

C∗ = C0 −
C0

C

2%:;P ]�6%57.10*+
xi = i ∗ h

$
��� ���
	 ����.%�:<�<!.� !+2�� � 8 %('*2�� � '42�5�0
� S~^ 2f5L8;, 8_^ ,WP;]I'*,�+*+{576%.G+ ,/.�8;5	��)�'-,�.GYW,h+ aG.I57,�+��e6%.�8I57+*YW'*)W0*57+-, S7,�+ �m]G2%'{0*5c,h+R8I,

S�^ )hK1:G240*5c6J.R2%:;P 8;)�'-5 �%)�,�+�]G2f'-0-57,/S7S7,�+�$
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∂C

∂t
=

∂(D(x)∂C(x,t)
∂x )

∂x

��np2B8I57+*YW'*)W0*57+*240*5c6J.q8;, ∂(D(x)∂C(x,t)
∂x )

∂x

� S�^ 57.G+{0*2%.J0
tk
,�+{0(8;6%.I.G)/,�]G2f' −MC(k)

h2

6J: −MC(k+1)

h2

$
s ,�+{0`:I.I,ATr2f0-'*57Y/,�8I6%.10eS~^ 6%'38;'*,B8;:d+*Y3HI)/Tr2U,�+{0 �U2f:;PR]b6J5c.10*+

xi ∈ [0, L]
$

��np2U8I57+*YW'*)W0*57+*240*5c6J.R8;, ∂C

∂t

�qS�^ 5c.G+{0*2%.10
tk
,h+?0 8;6J.I.I)�,B]b2f' C(k+1) − C(k)
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0.0094 0 0 0 0 0 0 0
0 0.0285 0 0 0 0 0 0
0 0 0.0398 0 0 0 0 0
0 0 0 0.3046 0 0 0 0
0 0 0 0 0.7766 0 0 0
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0 0 0 0 0 0 1.8824 0
0 0 0 0 0 0 0 2.2627
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� :I.R0*,/TV]G+�aG.b2fS
Tfin = 0.05

� ,/0
θ = 0.0

wx.r0-'*6%: �%,x2%5c.b+{5�]b6J:I'�YW,�+ �42fS7,/:I'3+�KJ:G, S7,B+*Y3HI)/Tr2A,/P;]ISc5LYW5c0-,B,�+{0�+{0*2%�IS7,B+-5
K > 5400

$

� �



�.� 	��
	 � % � )�� '4� '*� 5��.'4��0�)+� �
NO6%:G'-��,�+�,�.92%.I.I,/P�,�bJ� +*Y3HI)/Tr2q,WP;]IS757Y/5Q0*,A+?032f�IS7,

& 6%:G'x:I.G, �42%Sc,�:I'B8I,
K = 6000

�G.I6J:G+B.I6%:G+x0*'-6J: �%6J.G+ 8I2%.G+BSc,h+�YW6%.b8;5Q0*5c6J.G+�8;,r+?032 �
�I57S75Q0*)`0-HG)/6%'*5LKJ:G,%$�n , �J'*2%]IHI5LK1:I,`,/. M�8;57TV,/.G+-5c6J.G+O'-,�]I'-)h+{,�.10-) Y/5 � 8;,�+*+-6%:G+��%TV6%.10*'-,`S7,�+
'*)�+-:ISc0*2403+`6J�;0-,�.1:b+B8I,�SL2 '*)�+-6%S7:;0-576%.d.�:ITV)�'-5LK1:I,q8;: ]I'*6%�IS7g/TV,�]�6%:G'B:G. +*Y3HI)/Tr2r,/P �
]IS75LYW5c0-,X+{0*2f�GSc,J$ � NO6%:I'*�b,h+�2f.I.I,/P;,Qb �
wx. 8;5L+{0-57.I�%:I, .I,W0-0-,�TU,�.10RSL2���6%.I,�8I,�'32%Y/Y/6%'38;,/TV,�.J0 8I,�+ ��8;5	��:b+{5 ��5Q0*)�+R2f: ]�6%57.10
8_^ ,�+-]G2JYW, lg

3

�pYf^ ,�+{0 � � � 8;57'-,r2%: ]�6%57.10
x = 0.0333

$ &(S7:G+XSL2d8;5	��:b+{5 ��5Q0*) ,�+{0��%'32f.b8;,V,W0
]IS7:G+\S72XY/6%.GY/,/.10-'3240*5c6J.r+{,B8;5�� :G+-, '32f]I5L8;,�TU,�.10��JY/, K1:I5�,WP;]IS757K1:I, K1:I,x]b6J:I'\:G.I,�42fS7,/:G'
8;,

DS = 0.6 � +{:G]b)�'-57,/:I'*, � DI = 0.01)
�G6J.=240-0-,/57�%.G,X:I.I,UYW6%.bYW,/.10*'*2f0-576%.9.�:IScS7,X'32 �

]I5L8;,�TU,�.10 8I2f.G+�S7,B0-,�TU]b+/$
np2XYW6J:I'-��,xK1:I5�'*,/]I'*)�+-,/.10-,eSL2�8I5�� :G+-5c6J. 8;, SL2�Y/6%.GY/,/.10-'3240*5c6J.V,/. � 6J.GY 0*5c6J. 8;,xS~^ ,�+-]G2%Y/,
TV6%.10*'-,�2f:G+*+-5 8I,BTr2%.I5cg�'-,AY/S72%5c'*,xS7,�]b6J5c.10`8;,�'32%Y/Y/6%'38;,/TV,�.J0�8;,�+ �qTV57Sc57,/:;PR8;,A8;5�� : �
+-5
��5c0-)h+e8;5�� )/'*,/.10*,�+�,/.

x = lg
3

$
np2RY/6%:I'*��,%�_'*,/]I'*)�+-,/.10*2%.10BSL2d8;5	��:G+-576%. 8;,VS72dY/6%.GY/,/.10-'3240*5c6J.�,�. � 6J.GY 0*5c6J. 8;: 0-,/TV]G+
�q8;5�� )/'*,/.103+O]�6%57.10*+�8_^ ,�+-]G2%Y/,%��TV6%.10-'*, SL2q'*2%]I578I5Q0*)B2 �J,�YeSL2%K1:I,�ScS7,xSL2UYW6%.bYW,/.10*'*2f0-576%. +-,
8;5	� :G+{, 8G2f.G+AS7,r0*,/TV]G+ �9]G2%'{0*5c'q8_^ :G. Y/,/'-0*2%5c. ]�6%57.J0U8_^ ,h+{]b2%YW, � ]b6J5c.10q8;,r'32%Y�YW6J'*8;, �TV,/.10 � $
NO,h+BMRYW6J:I'*�b,h+/�_YW6JHI)/'*,/.10*,�+x,W0XYW6JTU]GSc)�TU,�.10*2f57'*,�+��b]�,/'*TV,W0{0*,/.10X8;5	��)�'-,�.J03+�2f.I�JSc,h+B8I,
��:I,A8;,ASL2UT�7�TV,A6%�G+-,/' �4240-576%. ,WP;]�)/'*5cTV,/.1032fS7,%$
NO6%:G'-��,�+�,�.92%.I.I,/P�, �I� +*Y3HI)/Tr2q,WP;]IS757Y/5Q0*,�5c.G+{0*2%�IS7,

& 6%:G'U:G.I, ��2%Sc,�:I' 8;,
K = 5000

�!.I6%:G+V.G6%:G+q0-'*6%: �%6%.b+U8G2f.G+US7,�+rYW6J.G8;5c0-576%.G+r8 ^ 57. �
+{0*2%�I5cS75c0-)%$
n ,�+�MU�%'32f]IHI5LK1:I,�+�]I'*)�+-,/.10*,/.10�,�.9,%� ,W0 8;,h+�'-)h+{:ISc0*2f0*+O0-'*g�+e2%�b,�'-'32f.103+ � YW6%.bYW,/.10*'*2f0-576%.8;,\S~^ 6%'38;'*,\8;,

10296 �/032f.10��%0p]�6J+-5Q0*5
�J,%�W032f.10��%0p.I)��J2f0-5 �%, � $�n ,h+ 61+-Y/5cS7SL240-576%.b+ 8;,�+!YW6J:I'*�b,h+TV6%.10*'-,�.J0\8I,`Tr2f.I57g/'*,`,WP;]�)/'*5cTV,�.J032fS7,`K1:I,`S�^ 6J. 2A�I57,/.r:I. +*Y3HI)�TV2�,/P;]ISc5LYW5c0-, 5c.G+{0*2%�IS7,
]�6%:I'`8I,�+ �42fS7,/:I'3+e8;,

K < 5400
8I2f.b+eSc,h+eYW6J.G8;5c0-576%.G+�57.I5c0-5L2fS7,�+e+{0*2f.b8I2f'38_$

<�51SL2`YW6J.G8;5c0-576%.�8;,�+?032f�I57S75Q0*)\. ^ ,�+{0p]G2J+ '*,�+-]b,hY 0*)/,%�h6%.A6J�;0-57,/.10 8;6%.GYO8;,�+p'*)�+-:ISQ032403+ YW6JT �
]IS7gW0*,/TV,/.10\2%�b,�'-'32f.10*+pT 7/TV,`2 �%,hY\:G.I, �42fS7,/:I'(8;,`u ]I'*6�Y3HG,�8I,�SL2 �42fS7,/:I'(8;,`u Sc57TV5Q0*,%$

� ��� ./��!"�"� �"! �)��� �  � �6� � �-�2� �
θ = 1.0

�.� ����� � '*)�!.� ' �+%,5 8 2 ��).���
n ,V+*Y3HI)/Tr2 57TV]IS757Y/5Q0*,VY/6%'*'-,h+{]�6%.b8 �

θ �
b%$ wx.�6J�;0-57,/.10X2fS76%'3+ Y/6%TVTV,U+*Y3HI)/Tr2 �

'*)�+-6%:G8I'-,J�1S7,A+-Y3HG)/Tr2V+{:I5 �42f.10 �

[I +
τ

h2
M ]Ck+1 = Ck

�%M



NO6%TVTV,X6%.dS�^ 2	��:d]I'-)hYW)h8;,/TVTV,/.10 SL2 +{0*2f�G5cS75Q0*)�]�6%:I'
θ > 1

2

,�+{0�42fSL2f�IS7,X]�6%:I'x. ^ 5cT �
]b6J'{0*,AKJ:G,/S7Sc, �42fS7,/:G'`8;,

K
$

�.����� 	 � %�� )
�3'4� '*� 5 �.'4��0�)+� �
NO6%:I'*�b,h+�,/.d2f.G.I,WP;,AMI� +-Y3HG)/Tr2�57TV]IS757Y/5Q0*,

n 2=+{0*2%�I57Sc5c0-) .1:GTU)�'-5LK1:I, 8I:m+-Y3HG)/Tr2d57TU]GSc5LYW5c0-,R,�+{0 �42fSL2f�IS7, ]�6%:G'�. ^ 5cTV]�6%'-0-,RKJ:G,/S7Sc,
�42fS7,/:I'`8;,AuV$
n ,��%'32f]IHG57K1:I,(,�.qMB8;57TU,�.G+-5c6J.G+!'-,�]I'-)h+{,�.10-)\Y/5 � 8;,�+*+-6%:G+���TV6J.J0*'-,OSc,h+!'-)h+{:ISc0*2f0*+p6%�;0*,/.�:G+
8;,ASL2q'*)�+-6%S7:;0*5c6J. .�:ITV)/'*57K1:I,A8;:9]I'*6%�GScg�TU,�]�6%:I'e:G.9+*Y3HI)�TV2U57TV]ISc5LYW5c0-,J$
wx.�6%�;0*5c,�.10 Sc,h+ T 7/TV,h+ '*)�+-:ISc0*2403+ K1: ^ 2 �%,�Y9SL2 '*)�+-6%S7:;0-576%. .�:ITV)/'*5LKJ:G,=:;0-57S757+*2f.10 :I.
+-Y3HG)/Tr2U,WP;]IS757Y/5Q0*,�+{0*2%�IS7,%$

� ��� ./��!"�3� �"! �)��� �6����� �� ���3����� ��� �
θ = 0.5

�.� �.��� � '*)+!+� ' �.%�5 8 2 ��)+���
n ,X+*Y3HI)/Tr2V8;,�'-)h+{6JSc:I0-576%.R]b6J:I'

θ = 0.5
,�+{0�S7,X+-:I5
�42%.J0p�

[I + 0.5
τ

h2
M ]Ck+1 = [I − 0.5

τ

h2
M ]Ck

NO6%TVTV, 6J. S~^ 2 ��: ]I'-)hYW)h8;,/TV,/.10�5cS�. ^ * 2X]G2J+O8;,BYW6J.G8;5c0-576%. 8;,�+{0*2f�G5cS75Q0*) ]�6%:I'
θ = 1

2

$
&F2f'�YW6%.b+{)hKJ:G,/.10���S72 TV)W0-HG6�8I,U8;,U'*)�+-6%S7:;0-576%.=,h+?0B0-6J:4>?6%:G'*+BYW6J. �J,/'*�%,�.J0*,X8I2f.b+ S7,UY�2%+
6%:

θ = 0.5
$

n ,B]I'*5c.GY/5c]b2fS_57.J0*)/' 7W0e8;,�S~^ )W0*:G8;,A8;,AYW,AY�2%+�S �q]I'*6 ��5c,�.J0�8;:���2f5c0eK1:I,�SL2q8I57+*YW'*)W0*57+*240*5c6J.
,�+{0 0*6%:4>?6J:I'3+ 8_^ 6%'38;'*, �m]G2f'R'*2%]I]�6%'-0 �mS�^ ,�+-]G2%Y/,%��TV2%57+R8;, ]IS7:G+/��6J.�2m2%:G+*+{5B:I.I,
8;5L+-Y/'-)/0-5L+-2f0-576%. 8 ^ 6J'*8;'*, �U8I2f.G+�S7,�0-,�TV]G+/$
D(.9,%� ,W0`S7,X+-Y3HG)/Tr2V8;,A8;57+*YW'*)W0*57+*240*5c6J. ,h+?0eS7,X+{:G5
�42f.10
(4)

Ck+1 − Ck

τ
= −(1 − θ)

M

h2
Ck − θ

M

h2
Ck+1 + o(h2) + (1 − 2θ)

τ

2
C

′′

k + o(τ2)

,W0 +-5
θ = 1

2

2%Sc6J'*+�6J.R2e�
Ck+1 − Ck

τ
= −

1

2

M

h2
Ck −

1

2

M

h2
Ck+1 + o(h2) + o(τ2)

wx.�6%�;0*5c,�.10U8;6J.GYr]�6%:I'qSc,RY/2%+
θ = 1

2

:G.m+-Y3HG)/Tr2=8;,R8;57+*YW'*)W0*57+*240*5c6J. 8_^ 6J'*8I'-, �

]b6J:I'eS�^ ,h+{]G2JYW,(�
o(h2)

�ITr2%57+`2%:G+*+{5 :I.d+*Y3HI)/Tr2V8_^ 6%'38;'-, �q]b6J:I'`S7,B0-,/TV]G+ �
o(τ2)

$

�.� �.� 	 � %�� )
�3'4� '*� 5 �.'4��0�)+� �
NO6%:I'*�b,h+�,/.d2f.G.I,WP;,�vV,W0xC;� +*Y3HI)/Tr2%+�57.10-,/'*TV)�8;5L2f57'*,

�4v



np2e+?032f�I57Sc5c0-)F.�:ITV)�'-5LK1:I,(8;:X+*Y3HI)/Tr2�57.J0*,/'*TV)�8;5L2f57'-, ,h+?0 �42fSL2f�GSc,F]�6%:I' . ^ 57TV]b6J'{0*,\K1:I,/S7S7,
�42fS7,/:G'`8;,AuV$
n ,\�%'32f]GHI57K1:I,O,/.UMx8;57TV,/.G+-576%.G+p'-,�]I'*)�+-,/.10-)�YW5
� 8;,h+-+-6%:b+/��TU6J.10-'*,OS7,�+p'-)h+{:GSQ03240*+p6%�I0-,/.�:G+
8;,BSL2�'*)�+-6%S7:;0-576%. .1:GTU)�'-5LK1:I,x8I: ]I'*6%�GScg�TU,x]b6J:I'�:I. +*Y3HI)�TV2�5c.10*,/'*TU)h8;5L2f57'-,B2 �%,�Yx8;,�+
�42fS7,/:G'*+ 8;5	��)�'-,�.10-,�+ 8;,h+F8;6%.G.I)/,h+p57.I5c0-5L2fS7,�+ � 8;5�� :G+-5
��5c0-)h+ ]ISc:b+ �%'32f.G8;,h+/��]IS7:G+ ,/P10*'*7�TV,�+��0*,/TV]G+\aG.G2fS�]IS7:G+�6%: TV6J5c.G+O�%'32f.b8r+{,�Sc6J. S72 ��5Q0*,�+*+{, 8I,B8;5	� :G+{576%. �J.I6JT��I'*,�+�8;,x]b6J5c.10*+
8_^ ,�+-]G2JYW,�+�]IS7:G+e)�Sc, �%)h+/$�$/$ � $NO,h+�YW6J:I'*�b,h+qY/6%.;aG'*TV,/.10�SL2�Y/6%HI)�'-,�.GYW, 8I,�+q'-)h+{:ISc0*2f0*+�,W0qTV6J.J0*'-,�.10qS�^ 57. � :I,�.GYW,R8;,�+
�42fS7,/:G'*+B8;,�+�8;5	� :G+{5 ��5Q0*)�+A+-:I'�S72R8;5	��:b+{576%. 8;,VS72RYW6J.GYW,�.J0*'*2f0-576%.=2%:�]�6%57.J0X8;,U'32%Y/Y/6%' �
8;,�TV,/.10�$pD(.�,%� ,W0h�p]�6%:G'

DI = 0.01
,W0

DS = 9
� SL2=8;5	��:G+-576%.m8;, S72 YW6%.bYW,/.10*'*2f0-576%.

8I2%.G+`S7,�TV57Sc57,/: 8;,q8;5	� :G+{5 ��5Q0*)
DS

,�+{0x57.G+?032f.10*2%.I)/,qYW6%TV]G2%'*2f0-5 �%,�TU,�.10 2f:=TV57Sc57,/:�8I,
8;5	� :G+{5 ��5Q0*)

DI
$;& 6%:I'�:I.I, �42fS7,/:I'e8;,BSL2�S76%.I�J:I,/:G'�8;,h+�]IS72JK1:I,�+�]IS7:G+�)/S7, �J)/,

lg = 5
6J.

]�,/:;0 2%:G+*+{5 ��5L+{:G2%Sc5L+-,/'�Sc,A'32%Y�YW6J'*8;,�TV,/.10O,�.
x = L

3

$

wx. ]b,�:;0 '*,/Tr2f'3K1:I,/'rK1:I,9S7,=+-Y3HI)�Tr2 K1:I5x2%+*+{:I'*,R:I.�6%'38;'*, � � SL2 � 6J57+ ,/. ,�+-]G2%Y/,
,/0`,/.R0-,�TU]b+e,�+{0`Sc,X+*Y3HI)�TV2U57.10-,/'*TV)�8;5L2f57'*,B2 �J,�Y

θ = 0.5
�IY/,XK1:I5 ]I'*6;YW:I'*,�:I.I,A]I'*)�Y/5 �

+-5c6J. ]GSc:G+�ab.I,%$

�JC



�f[



� � � � ����
���� �

NO,�]I'*6f>?,W0FYW6J.G+-57+{0*2%5Q0 ,/.U:I.I,�TV57+-,�,/.��A: ��'-,�57.�� 6%'*Tr240-5LK1:I,�8;,�.I6J+ YW6J.I.G2%57+*+-2%.GYW,h+
8_^ 2f.b2fS *�+-,�.1:GTU)�'-5LK1:I,eTr240*'-5LYW57,/S7Sc,e+-:I'(S7,e]I'*6%�IS7g/TV,�]G2f'-0-5LYW:GSc57,/'(8_^ 2f]G]I'-6�P;57Tr240-576%.U8;,�+
]I'*6%�GScg�TU,h+�2f:;P S757TU5c0-,h+/$
� 6%:G+�2 �%6J.G+x,/. ,%� ,W0A'-)h+{6JSc: :I. ]I'-6J�IS7g/TV,U8I,V8I5�� :G+-5c6J. 8;,rY/6%.GY/,/.10-'3240*5c6J.�8I2f.b+�:I.
TV57Sc57,/: HI)W0*)/'*6%�%g�.I,�,�. 8;5L+*YW'*)W0-5L+*2f.10xS7,q]G'-6J�IScg�TV, � S~^ 2f5L8;,V8;,VS72 TU)/0-HI6;8;,r8;,h+�8;5�� ) �
'*,/.GY/,�+OaG.I57,�+�$
n\^ :;0*5cS75L+-2f0-576%.d8;,XSL2V�I57�ISc576f0*HIg�K1:I,qn 2f]b2%Y � ]�6%:I' S72r'*)�+-6%S7:;0*5c6J.R8;,q++*;+{0-g/TV,h+eSc57.I)h2f57'-,h+
)/0*2f5c0�:I. ]�6%57.10�,�+*+-,/.10-57,/S�8;, .I6%0-'*,r]I'-6%>?,W0�]G:I57+*K1: ^ 5cS ��2fS7S72%5Q0`>?:b8;57Y/5c,�:G+-,/TV,/.10qY3HI6J57+-57'
8;,h+ � 6%.GYW0-576%.G+e+�^ 2%8I2%];0*2%.J0��U.I6%0-'*,B]G'-6J�IScg�TV,B57.�� 6J'-Tr240*57K1:I,�]G2%'{0*57Y/:IS75c,�'�$
�x,�]ISc:b+/�f.G6%:G+F2 �J6%.G+p]I:V)W0*:G8;57,/'FS7,`YW6%TV]�6%'-0-,�TU,�.10F8I,�8I5�� )/'*,/.10*+F+*Y3HI)�TV2J+ 8;,`8;5L+-Y/'-) �
0*57+*240*5c6J. ��.I6f032fTVTV,/.10(8_^ :G.U+*Y3HI)/Tr2x,WP;]IS757Y/5Q0*,�,W0(8_^ :I.r+-Y3HI)�Tr2 57TV]ISc5LYW5c0-,J$ � 6J:G+F2 �%6J.G+
TV5L+\,�. ) ��5L8;,/.GY/, S�^ 57.10-)�'*7/0O8;,BS~^ )W0*:G8;,x8I,�+�YW6%.b8;5Q0*5c6J.G+\8I,B+{0*2%�I5cS75c0-)x8I,�+\+*Y3HI)�TV2J+(]�6%:I'
6J�;0-,�.I5c'`8I,�+�'*)�+-:ISQ032403+eYW6%'*'*,�Y 03+�,W0`.I6J.R2%�b,�'-'32f.10*+�$
wx.m2%:I'32f5c0�]I: 2 �J,�Yr:G.m]�,/:m]GSc:G+V8;, 0-,�TU]b+UY/6%TV]G2%'-,�'�S7,�+U+{6JSc:;0*5c6J.G+U8;6%.I.G)/,�+q]G2%'
S7,�+�8;5 �%,�'*+�+*Y3HI)/Tr2%+��;24aG.98;,�TV5c,�:;PR2%]I]I'*)�Y/5c,�'OSL2U'-6J�I:G+{0-,�+*+-,x,/0�SL2U]I'*)�YW5L+-5c6J. 8;,AY3HG2 �
Y/:I. $

�1j



� �



� � ���� �	`��� �

� � �	��� ��


<�6J.J0X'*)/]�,/'-0-6J'-57)�+A8G2f.G+AS7,�+�2f.I.I,/P;,�+AS7,�+A�J'*2%]IHI,h+�,W0�S7,r]I'*6%�%'32fTVTV,%$ � 6%:G+ �%6%:b+
Y/6%.G+-,/57ScS76%.b+A0-6J:;0-,.� 6%5L+V8;, �15L+-:G2fS757+-,/'qSc,h+VYW6%:G'-��,�+U,/. ,WP;)�Y/:;0*2%.10US7, ]G'-6J�%'32fTVTV,%� S7,�+
Y/6%:IS7,/:I'3+�]b,�'-TV,/0{0-,�.10`,/.9,%� ,W0 8;,ATV57,/:;PR2f]I]I'*)�Y/5c,�'�Sc,h+e'-)h+{:GSQ03240*+�6J�;0-,�.�:G+/$
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� 6J.I.I)/,h+e57.I5Q0*572%Sc,h+/�
DI = 0.01 N = 29

DS = 0.6 K = 6000

lg = 0.1 tF = 0.05

visua = 20 θ = 0
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�x6%.I.I)�,�+�57.I5c0-5L2fS7,�+��
DI = 0.01 N = 29

DS = 0.6 K = 5000

lg = 0.1 tF = 0.05

visua = 20 θ = 0
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� 6J.I.I)/,h+e57.I5Q0*572%Sc,h+/�
DI = 0.01 N = 29

DS = 0.6 K = 5000

lg = 0.1 tF = 0.05

visua = 20 θ = 1
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K = 5000
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�x6%.I.I)�,�+�57.I5c0-5L2fS7,�+��
DI = 0.01 N = 59

DS = 9 K = 5000

lg = 0.1 tF = 0.05

visua = 20 θ = 0.5
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� 6J.I.I)/,h+e57.I5Q0*572%Sc,h+/�
DI = 1 N = 89

DS = 10 K = 4500

lg = 5 tF = 2

visua = 20 θ = 0.5
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