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Speiser’s Theorem

Theorem (Speiser 1935, Math. Ann. 110, 514)
Riemann’s hypothesis is equivalent to the non-vanishing of ζ′(s) in the strip s < 1

2 .

E. Dueñez et al 2010 Nonlinearity 23, 2599
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Figure: Normalized distribution of the real part of the zeros of ζ′(s). Data is for the approximately
105 zeros with imaginary part in [106, 106 + 60000].
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Haar measure for U(2)

Adolf Hurwitz 1897, Über die Erzeugung der Invarianten durch Integration

Ex. N = 2 Case: Euler angles 0 ≤ α < 2π, 0 ≤ ψ < 2π, 0 ≤ φ ≤ π
2

1

U = eiα0

(
eiα cosφ eiψ sinφ
−e−iψ sinφ e−iα cosφ

)
2

U†dU = i
(
1 0
0 1

)
dα0 + i cosφ

(
cosφ ei(ψ−α) sinφ

ei(α−ψ) sinφ − cosφ

)
dα

+ i sinφ
(

sinφ ei(ψ−α) cosφ
ei(α−ψ) cosφ sinφ

)
dψ +

(
0 ei(ψ−α)

−ei(α−ψ) 0

)
dφ

3

Tr
(
dUdU†

)
= 2(dα0)2 + 2 cos2 φ(dα)2 + 2 sin2 φ(dψ)2 + 2(dφ)2

4 √
det(g) = 4 cosφ sinφ

5

dΩ = 4 cosφ sinφdα0dαdψdφ
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Weyl Formula

Hermann Weyl 1946, The classical groups: Their invariants and representations

1 Eigenvalues

ζ1,2 = eiθ1,2 = eiα0
[
cosφ cosα ± iD

]
, D2 = 1 − cos2 φ cos2 α

2 Eigenvectors (
u1
v1

)
,

(
u2
v2

)
, |u j|

2 + |v j|
2 = 1

|u1,2|
2 =

1
2

[
1 ±

cosφ sinα
D

]
, |v1,2|

2 =
1
2

[
1 ∓

cosφ sinα
D

]
3 Jacobian for {α0, α, φ, ψ} 7→ {θ1, θ2,u1,u2}

J =
e2iα0 cosφ sinφ

D2 , D2 =
1
4
|eiθ1 − eiθ2 |

2

4 Volume
4 cosφ sinφdα0dαdψdφ = |eiθ1 − eiθ2 |

2dθ1dθ2d|u1|
2
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Averages over U(N)

Class function f (TrU,TrU2,TrU3, . . .)

EU(N)[ f ] =
1

(2π)NN!

∫ π

−π
dθ1 . . .

∫ π

−π
dθN f (θ1, . . . , θN)

∏
1≤ j<k≤N

∣∣∣eiθ j − eiθk
∣∣∣2

U(N) characteristic polynomial, ζ j = eiθ j

Λ(z,U) = det(z −U) =

N∏
j=1

(z − ζ j)

Model for the Riemann zeta function ζ(1/2 + it) is

EU(N)[Λ(z,U)]

Identification of the rank, N =
1

2π
log t
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Modern History

Statistic RMT prediction Reference

Pair Correlation S(x) = 1 −
(

sin(πx)
πx

)2 H. L. Montgomery, 1973
A. Odlyzko, 1987

Distribution of
Spacings
between the
Zeros
sn = 1

2 + itn

Snn(t) = −
σ1(2πρt)

t
exp

∫ πρt

0

σ1(2u)
u

du

σ1 function of Painlevé V

P. Forrester &
A. Odlyzko, 1996

Moments
of
ζ( 1

2 + it) EU(N)|det(U − eiθI)|2k =

N−1∏
j=0

j!( j + 2k)!
(( j + k)!)2

Keating & Snaith, 2000
B. Conrey et al, 2008

N.S. Witte WWPMS - 2019



N = 2:
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Figure: Sample size 5 × 104
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Figure: ρ2(r) =
4
π

√

1 − r2
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N=3:
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Figure: N = 3. Sample size 104
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Figure: PTO for equation
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N=3:

ρ3(r) =
54
√

3
π2 r3

√

1 − r2
∫ π

θ0

dθ
N0N1R

D3

where

θ0 =

0, r < 1
3

cos−1
(

3r2 + 1
4r

)
, r > 1

3

and

D = 1 − 8r2 + 25r4 + 36r6
− 12(7r2

− 1)r3 cos(θ) + 6(2r − 1)(2r + 1)r2 cos(2θ),

R2 = 1 − 7r2 + 27r4 + 27r6
− 8(3r − 1)(3r + 1)r3 cos(θ) + 8(3r2

− 1)r2 cos(2θ)

N0 = 1 − 3r2 + 13r4 + 9r6
− 30r5 cosθ − 6(1 − 3r2)r2 cos(2θ) − 2(2r2

− 1)r cos(3θ)

N1 =
(
1 − 2r cos(θ) + r2

)2 (
1 + 2r cos(θ) − 3r2

)2
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N = 6, 10
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Figure: N = 6. Sample size 104
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Figure: N = 10. Sample size 104
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Circular Unitary Ensemble

Mezzadri 2003, Dueñez et al 2010
Let ζ be a root of Λ′(z) and define the random variable

s := N(1 − r), r = |ζ|

Denote by Q(s; N) the probability density function of s.

• Mezzadri showed that the limit

Q(s) := lim
N→∞

Q(s; N)

exists, and proved that

Q(s; N) ∼
1
s2 , N→∞, s→∞

with s = o (N).
• Dueñez et al proved that

Q(s) ∼
4

3π
s1/2, s→ 0
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Eigenvalue Correlations

Single-particle and two-particle Correlation functions are defined

ρ(1)
N (θ1) =

N
ZN

∫
T

dζ2

2πiζ2
. . .

∫
T

dζN

2πiζN

N∏
j=1

w(ζ j)
∏

1≤ j<k≤N

|ζ j − ζk |
2

ρ(2)
N (θ1, θ2) =

N(N − 1)
ZN

∫
T

dζ3

2πiζ3
. . .

∫
T

dζN

2πiζN

N∏
j=1

w(ζ j)
∏

1≤ j<k≤N

|ζ j − ζk |
2

Normalisation

ZN =

∫
T

dζ1

2πiζ1
. . .

∫
T

dζN

2πiζN

N∏
j=1

w(ζ j)
∏

1≤ j<k≤N

|ζ j − ζk |
2

Determinantal structure

ρ(1)
N (θ1) = w(ζ1)KN(ζ1, ζ̄1)

ρ(2)
N (θ1, θ2) = w(ζ1)w(ζ2)

[
KN(ζ1, ζ̄1)KN(ζ2, ζ̄2) − KN(ζ1, ζ̄2)KN(ζ2, ζ̄1)

]
Christoffel-Darboux kernel KN(ζ1, ζ̄2)
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Identity

Let ρ(1)
N (ζ1), ρ(2)

N (ζ1, ζ2) be the correlations corresponding to the weight w(ζ) with
normalisation ZN and f (ζ), g(ζ) be analytic functions.

Then

EU(N)

 N∑
j=1

f (ζ j) ×
N∑

k=1

g(ζ̄k) ×
N∏

l=1

w(ζl)


=

ZN

N!

{∫
T

dζ1

2πiζ1
f (ζ1)g(ζ̄1)ρ(1)

N (ζ1) +

∫
T

dζ1

2πiζ1

∫
T

dζ2

2πiζ2
f (ζ1)g(ζ̄2)ρ(2)

N (ζ1, ζ2)
}
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Bi-orthogonal Polynomial System on Unit Circle

Define a system of bi-orthogonal polynomials {ϕn(z), ϕ̄n(z)}∞n=0
with respect to the weight w(z) on the unit circle by the orthogonality relation∫

T

dζ
2πiζ

w(ζ)ϕm(ζ)ϕ̄n(ζ̄) = δm,n.

Reciprocal polynomial defined by ϕ∗n(z) := znϕ̄n(1/z)
The summation identity gives Christoffel-Darboux kerenl

Kn(z, ζ̄) =

n∑
j=0

ϕ j(z)ϕ̄ j(ζ̄) =
ϕ∗n(z)ϕ∗n(ζ̄) − zζ̄ϕn(z)ϕ̄n(ζ̄)

1 − zζ̄

holds for zζ̄ , 1 and n ≥ 0.
Two non-polynomial solutions εn(z), ε∗n(z) to the recurrence relations

εn(z) =

∫
T

dζ
2πiζ

ζ + z
ζ − z

w(ζ)ϕn(ζ)

ε∗n(z) =
1
κn
−

∫
T

dζ
2πiζ

ζ + z
ζ − z

w(ζ)ϕ∗n(ζ)

for n ≥ 1.
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Let λ j, j = 1, . . . ,N − 1 denote the zeros of Λ′(z)

1 Seek the average

ρN(z, z̄) = EU(N)

[ N−1∑
j=1

δ(z − λ j)δ(z̄ − λ̄ j)
]

2 Distribution identity

N−1∑
j=1

δ(z − λ j)δ(z̄ − λ̄ j) = δ
(Λ′

Λ

)
δ
( Λ̄′

Λ̄

) ∣∣∣∣∣ d
dz

Λ′

Λ

∣∣∣∣∣2
with

d
dz

Λ′

Λ
= −

N∑
j=1

1
(z − ζ j)2

3 Thus

1
4π2

∫
R2

d2v EU(N)

[ N∑
j=1

1
(z − ζ j)2

N∑
j=1

1
(z̄ − ζ̄ j)2

exp

 i
2

v̄
∑

j

1
(z − ζ j)

+ v
∑

j

1
(z̄ − ζ̄ j)


 ]
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1 Employing a linear-fractional transformation ζ = z +
1 − zz̄
z̄ + t

we generate a
semi-classical weight on the unit circle

w(t) =
1

(z̄ + t)N(z + t−1)N exp
(
−

i
2

1
1 − zz̄

(v̄t + vt−1)
)

2
This identifies our problem as one of the
two-variable extensions of the Painlevé Equations

3 Substitute the Christoffel-Darboux formula.
Now have three classes of terms in the U(N) average.
One example is∫

T

dt1

2πit1
w(t1)(z̄ + t1)2

∫
T

dt2

2πit2
w(t2)(z + t−1

2 )2

×
t2

t1 − t2

[
tN
1 ϕ̄N(t−1

1 )t−N
2 ϕN(t2) − ϕN(t1)ϕ̄N(t−1

2 )
]

×
t1

t2 − t1

[
tN
2 ϕ̄N(t−1

2 )t−N
1 ϕN(t1) − ϕN(t2)ϕ̄N(t−1

1 )
]
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