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Speiser’s Theorem

Theorem (Speiser 1935, Math. Ann. 110, 514)

Riemann’s hypothesis is equivalent to the non-vanishing of (' (s) in the strip s < 1.

E. Duefiez et al 2010 Nonlinearity 23, 2599

1 2 3 4 5 6

Fi%ure: Normalized distribution of the real part of the zeros of (’(s). Data is for the approximately
10° zeros with imaginary part in [10°, 10° + 60000].
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Haar measure for U(2)

Adolf Hurwitz 1897, Uber die Erzeugung der Invarianten durch Integration

Ex. N =2 Case: Eulerangles0 <a <2m,0<¢ <2m,0<¢p <%
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Weyl Formula

Hermann Weyl 1946, The classical groups: Their invariants and representations

©® Eigenvalues
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Averages over U(N)

Class function f(TrU, TrU?, Trl, .. )

1 7T Tl . .
]EU(N)[f] = mf d@l...j:ndeNf(Ql,.,.,QN) H |ez(77] —elek'2

n 1<j<k<N

U(N) characteristic polynomial, Gi= i

N
Az U) = det(z - U) = [ [z - ¢))

j=1
Model for the Riemann zeta function (1/2 + it) is

Eyny Az U)]

1
Identification of the rank, N = 7 log t
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Modern History

Statistic

RMT prediction

Reference

Pair Correlation

Distribution of
Spacings
between the
Zeros

Sy = % + ity

Moments
of

L +in

Sy =1- (sin(nx) )2

X

Snn(t) = —

t u

01 function of Painlevé V

Euql det(U - ¢“DP = ]'[ ! G

a1(2npt) exp f”pt 01(2u)du
0

I(j + 2k)!

H. L. Montgomery, 1973
A. Odlyzko, 1987

P. Forrester &
A. Odlyzko, 1996

Keating & Snaith, 2000
B. Conrey et al, 2008
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Figure: Sample size 5 x 10*
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Figure: ps(r) = % 1-r2
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Figure: N = 3. Sample size 10*

Figure: PTO for equation
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N=3:

U
o) = 2B 5y [T gpNoMiR

2 3
TU 0o D
where
0, r<i
0o = 3t +1 1
-1(3r 1
cos ( yv ), r>3
and

D =1 -8 +25¢* +36r° — 12(7r* — 1)1° cos(6) + 6(2r — 1)(2r + 1)1% cos(26),
RZ =1-71% +27r* + 271° = 8(3r — 1)(3r + 1)r° cos(6) + 8(3r% — 1)1? cos(26)
No =1-32+13r* + 9/° — 301° cos 6 — 6(1 — 3r)r? cos(26) — 2(2r* — 1)r cos(30)

N = (1 —2rcos(0) + 72)2 (1 + 2rcos(0) — 372)2
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Figure: N = 10. Sample size 10*
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Figure: N = 6. Sample size 10*




Circular Unitary Ensemble

Mezzadri 2003, Duefiez et al 2010
Let C be a root of A’(z) and define the random variable

s=N(l-r, r=I[C

Denote by Q(s; N) the probability density function of s.
® Mezzadri showed that the limit

Q(s) == lim Q(s; N)
exists, and proved that
1
QsN) ~ 5, Now, s—w
s

with s = o (N).
® Duertiez et al proved that

4
Q(s) ~ ﬁsl/z, s—0
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Eigenvalue Correlations

Single-particle and two-particle Correlation functions are defined

. N
) _ N dco e
NO =7 | TG .fzmc [[wc) [T 16-al

j=1 1<j<k<N

o _N(N—l)f ey f dly e
(01,0 = == | . zchH we) [] g-a

1<j<k<N

Normalisation

— dCl dCN o )
& _szTfiCl o meCN H w(c)) H ICj = Cl

1<j<ksN
Determinantal structure

0 (61) = w(@)Kn (@, &)
pQ(61,65) = w(Cw(C) [Kn(Cr, CDKN(C2, &) — Kn(Cr, QKN (2, C)]

Christoffel-Darboux kernel Ky(Cy, &)
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Identity

Let p(l)(Cl) p(z)(Cl, (2) be the correlations corresponding to the weight w(C) with
normahsatlon Zy and f(C), g(C) be analytic functions.

Then

Eyqv

N N N
Y =Y g@x]] w(@}
j=1 k=1 I=1
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Bi-orthogonal Polynomial System on Unit Circle

Define a system of bi-orthogonal polynomials {@(z), ¢x(2)};2,
with respect to the weight w(z) on the unit circle by the orthogonality relation

d =
L %ZU(C)CPm(C)CPn(C) = 6m,n-

Reciprocal polynomial defined by ¢;,(z) := 2", (1/z)
The summation identity gives Christoffel-Darboux kerenl

K,(2,0) = ) (a0 = OO ZMONE)

j=0

holds for z # 1 and n > 0.
Two non-polynomial solutions €,(z), €},(z) to the recurrence relations

enl2) = f E  0pu©

2miC C—
1 ([ dCC+z
66 = 1~ [ ez OO

forn > 1.
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Letd;,j=1,...,.N-1 denote the zeros of A’(z)

©® Seek the average

N-1
pn(z,2) = Bugy| ) 0z = 1))6(z - 1))
j=1

® Distribution identity

N-1

with
® Thus
1 N
2 d*v By Z

=1

o AN\ A
; Sz = Aoz - 1)) = 5(X)6(K)

4N
dz A

iz A _,-=1 -2

i 1 1
)ZZ(Z—C)2 E[v;(z—q)”;(z—iﬂ]}]
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2Z
: we generate a

©® Employing a linear-fractional transformation C = z + "
semi-classical weight on the unit circle

i1 ,1)
— (Ot + 0t
ZZ(U v )

He— L (__
P N )N TP

This identifies our problem as one of the

@ | two-variable extensions of the Painlevé Equations

© Substitute the Christoffel-Darboux formula.
Now have three classes of terms in the U(N) average.
One example is

dh L dn o
t t t t
[ st w? [ S o

, o o
t _2 t M](PN(tll)tzN@N(fz) - @N(fl)(PN(tzl)]

X

X

o [BovEDE en(t) - en()pn ()]
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