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We give expansions for the distribution, density and moments of
the sample minimum when sampling from a distribution on [0, c0)
that is nearly analytic at 0.

When these distributions are analytic at 0, the expansions are in
inverse powers of the sample size n. If not, they require a double
expansion.
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Introduction and Summary

Suppose that we have a random sample of size n with minimum
my, from a distribution F(x) on [0,00). In §2 we suppose that
F(x) is analytic at x;, and give expansions in powers of n~! for the
distribution and moments of m,.

In §3 we suppose that for some a > 0, F(x)/x? is analytic at 0: we
give expansions in powers of n~1/2 for the distribution, density and
moments of the sample minimum m,: but the coefficient of n~//2
is now a polynomial of degree i in n'/2-1,
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Analytic distributions

Expansions for analytic distributions

Suppose that F(x) = P(X < x) on [0, 00) is analytic at 0. So

o0
F(x) = x'gi where g > 0. (1)
i=1
We shall see that
Y, = —ginm, 5Y as n — oo where (2)

P(Y <y)=¢" on (—o0,0].
So —Y is a standard exponential random variable and

E(=Yn)!— E(=Y) =T(1+¢t)for Re(t) > ~1.  (3)
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Analytic distributions

Example

For the uniform on [0, 1],
F(x)=x, g1 =1, gi=0fori>2. 50 Y, =—nm,. 0
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Analytic distributions

For y <0 set
z=—y/g1, Ci1=— Z B,-k(g)/k, (4)
k=1
J
tj =1tj(2) = > B(c)z"/k!. ()
k=0

Soco=—g1, a1 =g —8&1/2, 2= —g — 818 — &1/3,
3= —gi— 8185 — 85 /2 — gig2 — &1 /4,
Co=—g5— 8184 — 8283 — 8183 + 818 — &7 /5, (6)
to=1, t1 = zc1, b = z& +22c12/2,
t3 = zc3 + 22C1C2 + Z3Cf/6,
_ 2 2 30 4 4
tas = zcq + z°(c1c3 + 65 /2) + z°¢ci o + 27 ¢ /24,

ts = zc5 + 2°(c1ca + ©c3) + 23(cic3/2 + a1 3 /2) + 2l /6 + 2°¢ /12
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Analytic distributions

Theorem
Fory <0,

[e.9]

Pr(y) =P(Ya<y)=e ZZ/H)’@) (7)

From this expansion for the distribution of m,, it's easy to get
expansions for its density and moments.
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Analytic distributions

PROOF Set
S =Y (2/n)fi. Po=Paly) = F(~2/n)" = (1 +5)",
i=1
To= (2/nyq
j=1
Then

Te =Y Bilc) (z/ny, S* = Zs,k (z/n)",
=k

InP,=nIn(1+5) = ni(—l)kily‘/k = nZ(z/n)icf,l
i=1

:y+ZT07

Po=e' > (2To) /Kl = &3 (2/n)t;

a
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Analytic distributions

Example
For the uniform on [0,1], z = —y,

Cr = _1/(r+ 1)7
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Nearly analytic distributions

Expansions for nearly analytic distributions

Suppose that F(x) is a distribution on [0, c0) with

F(x)=x""1> x'gj where a> 0,8, > 0. (8)
i=1
Fory>0,sety=a—-1, N= (ngl)l/a, yn =Yy/N, Y, = Nmpy,

(9)

G(y) = exp(—y?), Gi(x) =G =>_ Bulg) x7/k,
k=1
di(x)=d; = XC,H(X),

Ei = Ny'di(yn) =Y Ej & where § = N2 = (ngy)"/* 7,
j=0
(10)
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Nearly analytic distributions

Ej = by, by = Biiajia(g)/U +1) : o = g1y,
EiO — gi+1ya+i’ Ei,ifl — g1171g2yia+17 Eii _ gll+1yia+a/(,- + 1)’
Es1 = (g183 + 85/2)y**"?, Es1 = (8184 + 8283)y

2a+3
Ep = (glgs + g183)y>* "2

Set hy = (—g1)~%/k!. Then
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Nearly analytic distributions

P(Y, > y) = G(y)Qn where

0 i
Qn=> ) N7 Ppi, P = Bi(E) hy, (11)
k=0

i=0
Pro =1, Poy = Exhy, Py = Exhy + E7h,
Pns = Eshy + 2E1Exhy + E3 b3,
Poy = Eshy + (2E1E3 + E3)hy + 3E2Exhs + Ef hy,
Er = gy™™ + giy*5/2,
E> = g3y™™ + g1goy® + giy362/3,
Es = gay®™ + (8183 + 85 /2)y** %0 + g1 goy>* 6% + g y*?6° /4.
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Nearly analytic distributions

Also
Bi(E) = Z Buj(y) & where Bij(y) = by yUthati=i - (12)

biko = ik(e), e = gi+1, bito = git1, bio = &a,
bi1j = coefficient of & in E; above :

biii-1=gi-182, bni =g /(i + 1), (13)
. i o
bin = igigs t/2, bii = (g2/2)", bij = (J) (&f/2Ygy ?,  (14)

b311 = g183 + &3/2, bsoo = 28283, b1 = 28183 + g1 &3,
b3 = 5g7g>/3, bsxs = g7/3.
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Nearly analytic distributions

So Py =1 and for i > 1, Pp; of (11) can be written

P = Z Pi(y) & where P;(y Z Bij(y) hx. (15)

So these bj; with (12) are enough to give P, for i =1,2,3.
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Nearly analytic distributions

P4 needs

bii1 = g184 + 8283, bax1 = g784/2 + 3818283 + &3 /3,

basy = 3878283 + 38183, barz = gigs + 8183,

bazo = 78785/2 + 58183/3, baz2 = 3g783/4 + 48185,

bays = 11g782/6, bazs = 787 82/4, baza = 13g7/36, bazs = g{ /4.

The coefficient of N~/ or n=/2 in the expansion for the
distribution of m,, is a polynomial of degree i in § or n1/271.
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Nearly analytic distributions

Example

Let F(x) be the gamma distribution with density

f(x) = x?~te™>/I(a) on [0,00) where a > 0. By 6.5.4, 6.5.29 of
Abramowitz and Stegun (1964),

x?F(x)M(a) = Y02 o(—x)"/(a+ n)nl. So (8) holds with

gi = (—1)"/T(a)(a+ n)n! where n =i —1:

g =1/al(a) =1/T(a+1), g2 =—1/(a+1)[(a), g3 = 1/2(a + 2)(a),
g =—1/6(a+3)(a), he = (—T(a+1))*/k!, N =(n/T(a+ 1))/
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