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Introduction: mixture model and EM (1)

We consider a mixture of semiparametric models

K
> 7kpi(x; Ok, k)
k=1

where
e foreach k=1,... K,

Pr(x; Ok, k)

is a semiparametric model with finite dimensional parameter
Ok and infinite dimensional parameter 7y;

e T1,...,TK are mixture probabilities: 7w, > 0 for each k and
Zszl m = 1.



Introduction: mixture model and EM (2)

Once we observe iid data Xi,..., X, from the mixture model, the
joint probability function of data X = (Xi, ..., X,) is given by

n

p(X|0,n, 7 —Hzﬂ'kpk (Xi: Oks 1) (1)

i=1 k=1

where 0 = (01,...,0k), n=(m,...,nk) and © = (71, ..., 7k).
We consider 6 is the parameters of interest, and 7 and 7 are
nuisance parameters.

We aim to establish large sample properties of the parameter 6
using EM-algorithm and profile likelihood approach.



Introduction: mixture model and EM (3)

To discuss the EM-algorithm, we further introduce notations. Let
Zi=(Zi,...,Zik)

be group indicator variable for the subject i: for each k,

K
Zix =0or =1 with ZZik =1.
k=1

Let Z = (Zi,...,2Z,). The joint probability function of the
complete data (X, Z) is

n K
p(X,Z‘Q,T],Tf) = H H[ﬂ-kpk(Xi;ekﬂ?k)]Zik' (2)
i=1 k=1



Introduction: mixture model and EM (4)

Then the EM-algorithm utilize the identity

log p(X; 0,n,7) = Z q(Z)log p(X,Z;6,m,7) — Y _ q(Z)log 4(2)
A

B p(Z|X; 6,7, )
Z qoz) G)

where g(Z) is a distribution of Z (Bishop (2006), Equation (9.70),
section 9.4).



Introduction: mixture model and EM (5)

In the E-step put
q(Z) = p(Z|X; 0,7, ),
then the third term in the right hand side is zero:

p(Z|X;0,n,m)
; q(Z) log R 0.



Introduction: mixture model and EM (6)

Under this condition, the equation (3) implies that maximizing the
mixture log likelihood function

log p(X; 6,1, )

with respect to 0, n and 7 is the same as maximizing the
expectation of complete data log likelihood function

> q(Z)log p(X, Z|0,n,7)
z

with respect to 8, 1 and 7. Therefore in the M-step, we maximize
the expectation of complete data log likelihood function.

In practice we must repeat E-step and M-step iteratively until we
achieve the maximum.



Introduction: mixture model and EM (7)

In the following, we aim to establish asymptotic properties of the
maximum likelihood estimator of 6 using the expectation of
complete data log likelihood function

> a(Z)log p(X, Z|6, n, )
z

with the condition that q(Z) = p(Z|X; 0, n, ).



Introduction: mixture model and EM (8)

The conditional distribution p(Z|X; 6,7, 7) in our iid setting is

p(X,Z;6,n,m)
>z p(X Z;0,n,m)

_ HH T Pi (X5 Ok, i)

i—1 k=1 SR TPk (X Oy k)
n K

= [T I @w)* (4)

i=1 k=1

p(Z|X;0,n,m) =

Zik

where

Tk Pk (Xi; Ok, 1k )
(%) = Blzl) = Z_] 1 TP (Xi; 9];7]1) ®)




Introduction: mixture model and EM (9)

Using equations (2) and (4), the expected complete data
log-likelihood is

> " q(Z)log p(X,Z|6,n,7)
VA

K
= Zy(Z,-k)[Iog Tk + log pi(Xi; Ok, 1k )]-

where y(Zj) is given in (5).



Introduction: mixture model and EM (10)

Because 7 and (6, 7) are separated by + in (6), the estimation of
7 is not related to the estimation of (6,7). The method of
Lagrange multiplier can be used to get the MLE 7x of m:

4, — izt 2(Zi). (7)

n

We require that, as n — oo,
. P
Tk — Tok

where ok, k =1,..., K, are the true mixture probability.



Profile likelihood estimation (1)

In the estimation of (6,71) we use the profile likelihood approach:

we maximize the expected complete data log-likelihood with

respect to 7 to obtain 7p £, = (711,0,Fs - - - » K 0,F, )
n K
flo.F, = argmax, Y > v(Zi) log p(Xi: Ok, n)
i=1 k=1

where we dropped the log 7 term from the expected complete
data log-likelihood (6).
The profile log-likelihood is then

K

D " 1(Zik) log pi(Xi: Ok, ko7, )-

i=1 k=1



Profile likelihood estimation (2)

Define the score function for the profile log-likelihood in the model

X

0

o(Xi; 0, Fr) = 20 > 7(Zik) log pi(Xi: Ok, ko F,) 9)
k=1



Profile likelihood estimation (3)

We assume that:

(RO) fjy,F satisfies fg, r, = 1m0 and the function
03 (x,00) = ¢(x, b0, Fo)
is the efficient score function, i,e,
E(630,) =0

where én the score operator of 7.



Profile likelihood estimation (4)

We assume that:

(R1)

The \/n-consistency of F,, \/n||F, — Fol| = Op(1), and for
each (0, F) € © x F, the log-likelihood function for a
observation X;

K

log p(X;: 0, F) = > ¥(Zik) log pic(Xi: O, Ak, F)
k=1

is twice continuously differentiable with respect to 8 and
Hadamard differentiable with respect to F for all x.

The empirical process F, satisfies n'/4||F, — Fo|| = op(1), and
for each (0, F) € © x F, the log-likelihood function for a
observation X;, log p(Xi; 6, F), is twice continuously
differentiable with respect to # and twice Hadamard
differentiable with respect to F.

(Derivatives are denoted by

O(Xi; B, F) = & log p(Xi: 0, F), 5:6(Xi:0,F), deo(Xi: 6, F),
and dZ2¢(X;;0,F).)



Profile likelihood estimation (5)

We assume that:

(R2)

(R3)

The efficient information matrix
IF = EopnolslsT = Egyo®d" (X, 00, Fo) is invertible.
There exists a p > 0 and a neighborhood © of 6y such that
the class of functions {¢(x,0,F): (6,F) € © xC,} is
Pgy,no-Donsker with square integrable envelope function, and
such that the class of functions
{£50(x,0,F): (0,F) € © xCp} is Py, yo-Glivenko-Cantelli
with integrable envelope function.
Here

C, = {F € F:|F = Fol < p}.



Profile likelihood estimation (6)

A consistent solution 3,, to the estimating equation

> ¢(Xi,0n, Fa) =0 (10)
i=1

is an asymptotically linear estimator for 6y with the efficient
influence function

T5(x, 60) = (1) ~*€5(x. 6o)

so that

Vb, —6y) = Z 2(Xi,00) + op(1)

i> N (07 (/0)7 )

where I} = Eg, . (0505T) is the efficient information matrix.



Joint mixture model (1)

e Let Yjjm be the ordered categorical response from 1 (poor) to
L (excellent) on item (or question) j for subject i at the m®"
protocol-specified time point.

e In total, there are J items in the questionnaire, collected at
times t1, to, ..., ty.

e Given that subject i belongs to group r, a stereotype model
can be written as

P(Yijm =1 | Qr)

:|:3£+¢Z(bj+9r)a r=1,...,R.
(11)



Joint mixture model(2)

The ordinal response part of likelihood function for the ith subject
is

L Yijme
PYi|0r0) — H HH < exp(ar + ¢o(bj + 6r)) ))>(12)

m=1j—1¢=1 14 3o exp(ak + du(bj + 0,

where a = (a, b, ¢).



Joint mixture model(3)

We consider the Cox proportional hazards model for the survival
part in the joint model. Let X be a time-independent covariate.
The hazard function for the failure time T; of the itf subject is of
the form

/\(t\X,-,H,,J) = Ao(t)exp(0r50+X,-51)

where A\o(t) is the baseline hazard function. The latent variable 6,
is linked with the ordinal response model and § = (dg, d1) are
coefficients.



Joint mixture model(4)

Assume that the hazard is zero between adjacent times so that the
survival time is discrete. Let A; be the hazard at time t;, where

t1 < tr < ... < t, are the ordered observed times.

The cumulative hazard function Ag(t;) = Z Ap is a step function

p<i
with jumps at the failure time t;. Then the the survival part

likelihood function of subject i is

P(T,‘,d,' ’A,@r,é) = (/\,' exp(@réo +X;51))di
X exp ( — Z Apexp(6,60 + X,-61)).
p<i

The d; is an indicator of censorship for individual i: if we observe
failure time, then d; = 1, otherwise d; = 0.



Joint mixture model(5)

Let 7, be the unknown probability (r = 1,..., R) that a subject
lies in group r, and © be all the unknown parameters of the joint
model. The mixture model likelihood function is

L(©|Y,T,D) H (ZP (Yil6r,a) (T,-,d,-|,\,9,,5)7r,>.

i=1 (13)

Let Z;, be the group indicator, where Z;, = 1 if the ith individual
was from the rt" group and 0 otherwise. The complete data
likelihood can be written as

LO|Y.T,d,Z) = HH( (Yi16,,0a) (T;,d,-|,\79”5)77r)2,-,
i=1r=1 (14)



Joint mixture model(6)

The expected complete data log likelihood under
q(Z) = P(Z]Y,T,d) is

S 4(2)log LOY, T, d,2)
z
n R

= Z Z V(Zir) log 7,
i=1 r=1
n R
+> > A(Zi) {log P(Yi|6,, @) +log P(Ti,di | A, 6,,8) }

i=1 r=1



Joint mixture model (7)

Before starting the EM-step, we profile out the baseline hazard
function Ao(t). The survival part of equation (15) can be
separately maximized with respect to A

We find the maximizer \; by holding (8, 6) fixed, and it is given by

di

R : (15)
szi > r=17(Zpr) exp(8,0 + Xpd1)

2i(0,6) =

Denote A(8,8) = (\i(8,6),...,n(6,5)).



Joint mixture model (8)

The E-step: In the E-step, we use the current parameter
estimates © = (0, a, ) to find the expected values of Zj, of the
complete data log likelihood:

Y(Zi) = E(Zi|Yi, Ti,di)

7 P(Yi|0,,a)P(T;, di| X(8,8),0,,9)
SR 7g P(Yil0g.@)P(Ti, di | X(6,6).04,6)




Joint mixture model (9)

The M-step: In the M-step, we maximize equation (15) with
respect to 7, and © = (6, a,d). Due to the fact that there is no
relationship between 7, and ©, they can be estimated separately.

1. Calculate the estimates of 7,

~ 27:1 V(Zir).

Ty =
n

2. We maximize the second and third parts of equation (15)
(with A(0,90) in the place of A)

n R
Z Z’Y(Zfr) {Iog P(Y:|6:.a) +log P(T;, d: | X(8,0), 9r,5)}(16)
i=1 r=1
with respect to © = (0, a, §) to obtain =}

The estimated parameters from the M-step are returned into the
E-step until convergence.



Joint mixture model (Score function) (10)

The score function for 4 is

- P
lsn = 5518 P(T.d|X6,.0)

R 0
- 302 (5 )10 ATesp(oido + X020



Joint mixture model (Score operator) (11)
Let h(t) be a function of t. The path defined by

dAs = (1 + sh)dA

is a submodel passing through A at s = 0. The corresponding path
for the A is
As(t) = (1 + sh)A(t).

The score operator for A is the derivative of the log-likelihood
function with respect to s at s = 0:

R
> (Z)log P(T,d|As,6,,6)

s=0 ;=1

. T
= ;W(Zr) (dh(T) — exp(0rd0 + X&l)/o h(u)d/\(u)> .

d

Bsah = —
oA ds

The adjoint of the score operator is denoted by By .



Joint mixture model (Efficient score function) (12)
The (survival part of) efficient score function for the survival part
given by

lsn = Lspn— Bsa(BiaBsn) " Bsalsa
R
6, Ml&/\(T)]
ZV( 2 [( X> Mosa(T)
T
0, Mi 5.A(u) A
ex 95+X(5/ [( >—” dN\(u
27 < PL7reo ) 0 X Mo 5.A(u) ()/
where

R
0,
Muga(t) = EJ,AZv(zr)( 0 >eXP(9r5o+X51)/(t§ )

Mosa(t) = EaAZv ) exp(0,00 + X61)I(t < T)



Joint mixture model(13)

The log-profile likelihood function for one observation is

logp(Y,T,d;©,F,)

R
> 9(Zi) {log P(Y |6,,@) +Iog P(T.d|(6.6).6,.) }
r=1

The score function is

0
86|ng(Y T,d;0,F,)

«z { 08 P(Y |6,.0) + s log P(T.d | X(0.6). 9,,5)}

oY, T,d;0,F,) =

M:o

r=1



Joint mixture model (14)

Need to verify

¢(Y7 Ta d, e) FO)
is the efficient score function.

e There exists a p > 0 and a neighborhood © of 6y such that
the class of functions

{o(Y,T,d;©,F): (6,F) €@ xC,}

is Donsker with square integrable envelope function, and such
that the class of functions

0
{% (Y, T,d;©,F): (©,F)e©xC,}

is Glivenko-Cantelli with integrable envelope function.



Joint mixture model (15)

Then from the general result, we have

n -1
Vn(©n —6p) = \% > (gg) ¢(Yi, Ti, di;©o, Fo) + op(1)
i=1

)



Reference

[§ Hirose, Y. (2010). Efficiency of profile likelihood in
semi-parametric models, Ann. Inst. Statist. Math.

@ Preedalikit, K. Liu, I. Hirose, Y. Sibanda, N. and Fernandez,
D. (2015) Joint modeling of survival and longitudinal ordered
data using a semiparametric approach, Aust. N. Z. J.

[3 Bishop, C.M. (2006) Pattern recognition and machine
learning, Springer.



	Intro

