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Bootstrap random walks

Introduction

The model setting

I Let (ξn)n be i.i.d. with P(ξi = −1) = P(ξi = +1) = p = 1
2 .

I We bootstrap (recycle) (ξn)n to create ηk =
∏k

j=1 ξj .

I ξk = ηkηk−1 so that σ(ξ1, · · · , ξn) = σ(η1, · · · , ηn).

I (ηn)n≥0
d
= (ξn)n≥0. (only when p = 1/2)

I Let Xn =
∑n

k=1 ξk and Yn =
∑n

k=1 ηk , with X0 = 0, Y0 = 0.

I They are strongly (functionally) dependent simple symmetric
random walks (when p = 1/2).

I We study the (time-inhomogeneous) Markov process
Wn = (Xn,Yn).
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The two dimensional process

Local behaviour

I Locally, the behaviour of (Wn)n is different from that of the
classical random walk.
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The two dimensional process

Local behaviour

I Locally, the behaviour of (Wn)n is different from that of the
classical random walk.
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The two dimensional process

Local behaviour

I Locally, the behaviour of (Wn)n is different from that of the
classical random walk.
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The two dimensional process

Long-term behaviour

I Long-term, (Wn)n behaves like a two dimensional random
walk.
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The two dimensional process

The probability of return to (0, 0) and recurrence

We obtain transition probabilities P(Wn = (k , l)). In particular,

Proposition

I P (W4n = (0, 0)) =

(
2n − 1

n

)(
2n

n

)(
1

2

)4n

∼ 1

4πn
;

I P (W4n+2 = (0, 0)) =

(
2n + 1

n + 1

)(
2n

n

)(
1

2

)4n+2

∼ 1

4πn
;

I

∞∑
n=0

P (W4n = (0, 0)) = +∞.

Theorem

Wn = (Xn,Yn) is recurrent.
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The three dimensional process

The model setting

I ζk =
k∏

j=1

ηj =
k∏

j=1

j∏
i=1

ξi . Since ξ2n = (±1)2 = 1,

ζ1 = ξ1

ζ2 = ξ1ξ2

ζ3 = ξ1ξ2ξ3

ζ4 = ξ1ξ2ξ3ξ4

ζ5 = ξ1ξ2ξ3ξ4ξ5

ζ6 = ξ1ξ2ξ3ξ4ξ5ξ6

I We consider the three-dimensional random walk (Xn,Yn,Zn),

also denoted Wn, where Zn =
n∑

k=1

ζk , n ≥ 1, and Z0 = 0.
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The three dimensional process

The probability of return to (0, 0, 0) and recurrence

Proposition

1. For any n ≥ 2,

P (W4n = 0) = 2−4n
n−2∑
k=0

(
n − 1

k

)(
n

k + 1

)(
n

k + 1

)(
n − 1

k + 1

)
and

P (W4n+2 = 0) = 2−(4n+2)
n∑

k=1

(
n + 1

k

)(
n − 1

k − 1

)(
n

k

)(
n + 1

k + 1

)
.

2. P(W2n = 0) = O(nα−2), for any α ∈ (1/2, 1).

3. (Wn)n is transient; it will visit the origin finitely often.
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The three dimensional process

A functional central limit theorem

I Donsker: Xn(t) =
1√
n
X[nt] converges weakly to a Brownian

motion (t ∈ [0, 1]).

I The same is true for Yn(t) =
1√
n
Y[nt] and Zn(t) =

1√
n
Z[nt].

I The functional dependence between Xn(t), Yn(t) and Zn(t)
is complete lost at infinity.

Theorem

Wn(t) = (Xn(t),Yn(t),Zn(t)) converges weakly to a three-
dimensional Brownian motion.
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Higher iterations

The model setting

I η0,n = ξn, η1,n = ηn =
∏n
`=1 ξ` and ηκ+1,n =

∏n
`=1 ηκ,`.

I ηκ,n =
n∏
`=1

ξ
νk,`
n−`+1, where νκ,n =

(
n + κ− 2

n − 1

)
mod 2.
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Bootstrap random walks

Higher iterations

A multi-dimensional extension

I Yk,0 = 0 and Yk,n =
∑n

`=1 ηk,`.

I (ηk,n)n
d
= (ξn)n and Yk,n is a simple symmetric random walk.

I (Xn,Yk,n) “behaves” like a two-dimensional random walk.

I In fact, Wn = (Y0,n,Y1,n, . . . ,Yκ,n) “behaves” like a
(κ+ 1)-dimensional random walk.

I Yk,n(t) =
1√
n
Yk,bntc converge weakly to a Brownian motion

(t ∈ [0, 1]).

I We look at the limiting behaviour of
Wn(t) = (Y0,n(t), . . . ,Yκ,n(t)).

I Must know which ξj ’s in ηk,n =
n∏
`=1

ξ
νk,`
n−`+1 are “switched on”.
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Bootstrap random walks

Higher iterations

The central limit theorem

Theorem

Wn(t) = (Y0,n(t), . . . ,Yκ,n(t)), t ∈ [0, 1], converges weakly to
a (κ + 1)-dimensional Brownian motion (with independent compo-
nents).

Theorem (Lucas, 1878)

A binomial coefficient

(
n

m

)
is divisible by a prime p if and only if at

least one of the base p digits of m is greater than the corresponding
digit of n.

(
93

77

)
= 380813488615359423 is odd:

93 10111012
77 10011012

.
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Higher iterations

The central limit theorem

Theorem

Wn(t) = (Y0,n(t), . . . ,Yκ,n(t)), t ∈ [0, 1], converges weakly to
a (κ + 1)-dimensional Brownian motion (with independent compo-
nents).

Theorem (Lucas, 1878)

A binomial coefficient

(
n

m

)
is divisible by a prime p if and only if at

least one of the base p digits of m is greater than the corresponding
digit of n.

(
73

25

)
= 23214764053299962052 is even:

73 10010012
25 00110012
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Bootstrap random walks

General value space

Three-value model

I Suppose (ξn)n i.i.d. uniform on U = {u, a, b}.

I In general, ab /∈ U . Therefore η2 = ξ1ξ2
d
6= ξ2.

I How do we recycle in this case?

I Repace × with ⊗:

⊗ u a b

u u a b

a a b u

b b u a

I Observe that u⊗3 = a⊗3 = b⊗3 = u.

I If ηn =
⊗n

`=1 ξ` then (ηn)n
d
= (ξn)n.

I This can be repeated and generalised.
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Bootstrap random walks

General value space

General case

I (ξn)n i.i.d. uniform on U = {u0, u1, . . . , ur−1}, where r is
prime and

∑r−1
i=0 ui = 0.

I Form an Abelian (cyclic) group (U ,⊗).

I Define ηκ,n: η1,n =
n⊗
`=1

ξ` and ηκ,n =
n⊗
`=1

ηκ−1,` =
n⊗
`=1

ξ
⊗νκ,`
n−`+1

with νκ,n =

(
n + κ− 2

n − 1

)
mod r .

I (ηκ,n)n has the same distribution as (ξn)n.

I Let Yκ,n =
n∑
`=1

ηκ,`, with Yκ,0 = 0.
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General value space

The central limit theorem

Proposition

The vector (η0,n+κ, . . . , ηκ,n+κ) is uniform over Uκ+1 and is inde-
pendent of Fn−1. In particular, η0,n+κ, . . . , ηκ,n+κ are independent.

Let σ2 = E[ξ2n] =
1

p
(u20 + · · ·+ u2p−1) and Yκ,n(t) =

1

σ
√
n
Yκ,bntc.

Theorem

Wκ,n(t) = (Xn(t),Y1,n(t)), . . . ,Yκ,n(t)) converges weakly to a
(κ+ 1)-dimensional Brownian motion.
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I Let ηn = φn(ξ1, . . . , ξn). Look for (φn)n s.t. (ηn)n
d
= (ξn)n.

Theorem

(ηn)n
d
= (ξn)n if and only if φn(x1, . . . , xn) is of the following form:

φ1(x1) = ±x1, for n ≥ 2, φn(x1, . . . , xn) = ψn(x1, . . . , xn−1)xn,

where ψn is any function from {−1,+1}n−1 to {−1,+1}.

I Let K(n) be the set of all non-empty subsets of {1, . . . , n}.

ψn(x1, . . . , xn−1) = (−1)αn

 ∏
K∈K(n−1)

x
βn,K
[K ]

 ,

where x[K ] = maxk∈K xk and αn, βn,K ∈ {0, 1}.
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The central limit theorem

Theorem

Suppose that there exists m ≥ 1 such that (ξn+m+1, ηn+m+1) is
independent of (ξ1, . . . , ξn). Let ρ = E[ξnηn]. Then (Xn(t),Yn(t))
converges weakly to a two-dimensional Brownian motion (possibly
degenerate) with correlation ρ.

I Sufficient conditions for the independence of
(ξn+m+1, ηn+m+1) and (ξ1, . . . , ξn) can be obtained.

I βn+m+1,K = 0 whenever K ∈ K(n) is sufficient. Eg

ηn+2 = max(ξn, ξn+1)ξn+2.
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Fulfilling the independence requirement

I Let Γm(p) =
{
γ ∈ {0, 1}K(m);P

( ∏
K∈K(m)

ξ
γ(K)
[K ] = −1

)
= p

}
.

I Any γ ∈ Γm+1(p) can be uniquely constructed from a
γ1 ∈ Γm(p1) and γ2 ∈ Γm(p2), where (p1 + p2)/2 = p.

I When m = 1, independence ocurs if and only if either
ηn+2 = (−1)αn+2ξn+2 (degenerate case) or

ηn+2 = (−1)αn+2

( ∏
K∈K(n)

ξ
βn+2,K

[K ]

)
ξn+1ξn+2.

In this case, ξn+2 and ηn+2 are also independent (ρ = 0).

I Let γ(K ) = βn+m+1,K+n. If γ ∈ Γm(1/2), then independence
holds and, ξn+m+1 and ηn+m+1 are independent and uniform.
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A related question – percolation (work in progress)
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