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Abstract

Let F = Fp be the distribution of a finite real population of size N.
Let F = F, be the empirical distribution of a sample of size n drawn
from the population without replacement. We prove the following
remarkable inversion principle for obtaining unbiased estimates.
Let T(Fp) be any product of the moments or cumulants of F.

Set T,,N(FN) =F T(Fn). Then E TNn(Fn) = T(FN).
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Introduction and Summary

Consider a random sample of size n without replacement, say
X1,...,Xp, from a finite real population xi,...,xy with mean
p=m=N"13yY x; rth moment, central moment and
cumulant m, = N1 z,'-vzlx[, U, = U, and K,. We obtain unbiased
estimates (UEs) for products of them

m(1122 .. ) =mim? ...,
mu(1127.) = pu"tuzus ...,
K(1M272..) =K{'Ky ...



and for products of the joint central moments
u(1727..) = E(fi— 1) (f — E f)"...

and for products of the corresponding joint cumulants k(1127...),
for weight < 6 where the weight is

r(1"272..)=1.n+2.n+... thatis r(m) =a+b+---

for m=(a,b,---) a partition of r.

We assume that all partitions 1T are put into ascending order
(11272...). For example we write (122) or (112) rather than (212)
or (121).



Our UEs are given in terms of

m(11272..) = i mZ---, and rﬁu(1r12r2~--):ﬂr1[fl2r2~-- where
A =X *1zx,, Ay =n" Z =l (F)=n"5 (X =X)".
i=1

For 1T a partition of r, 2 gives E m(m) and an UE of m(m) for
r<6. 3 gives E mu(m) and an UE of mu(m) for r <6.



We discover a remarkable inversion principle. A result of this is
that these UEs do not require having to invert any matrices or
solve any sets of linear equations. Set

myy = {m(m): T a partition of r},
mu(y = {mu(T) : 1T a partition of r},
and K,y = {K(m): ma partition of r}.

These are vectors of length n,, the number of partitions of r,
tabled on p307 of Comtet (1974). We shall use the ordering
(1),(2.12),(3.12.1%),(4.13.22.122.1%), (5.14.23.123.122.132.1%) and
(6.15.24.32.124.123.23.133.1222.142.1°). For example

m() = (ma, mymo, m‘;’)



In 2 we derive a matrix B, = B,(N,n) from Skellam (1949) such
that

E () = Brm(,) so B,(N,n)_lfn(,) is an UE of m(,).

In 3 we derive a matrix C, = C,(N, n) from Sukhatme (1944)
such that

E mu(,y = C,mu,y, so (N, n)*lrﬁum is an UE of mu(,.
So expressing cumulants in terms of moments as
K(ry = Grm(ry where G, is a matrix of constants,
it follows that
E K,y = D:(N,n)K(,) where D,(N,n) = G,C,(N,n)G, .

The inversion principle (proved in 7) states the following beautiful
result.

B.(N,n)"t = B,(n,N), C,(N,n)"t = C.(n,N)), D,(N,n)"t = D,(n,N).

7
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This implies that for T(F) a product of moments or cumulants,
if Ton(F)=E T(F) then E Tna(F) = T(F).

This can be extended to general smooth functionals.
4 gives equivalent multivariate results to those of 3.
For partitions 74, 7B, - - - set

p(rm, 1, -+ ) = p(m)u(me) -

and

K(T, 78, ) = K(Th)K(TR) -

5 gives E [I(78,7®,---) and an UE of u(m,m,---) up to total
order 6, in particular UEs for p(1"). MAPLE was used to simplify
the UE of u(1") given by Dwyer and Tracy (1980) for r <5 and to
confirm they agreed with our results. Earlier, Nath (1968,1969)
gave U(1") for r = 3,4 and UEs for them.



6 gives E K(14,7B,--+) and an UE of k(75,7%,---) up to total
order 6.

7 proves the inversion principle and a multivariate version: in this
case the dimension n, X n, in (1.7) jumps to N, x N, where

r
N, = Z P(m), is the partition function,
T

P(1m27 ...y = rl /=1 (i'r;!) for r = Z ir;.
=1

So N, is the sum of the partitions of r. Pierce (1940) gives
transformations that allow one to obtain noncentral moments up

to order 6 for finite populations from those for infinite populations.

He also covers the case where the sample values Xi,---, X, may
have different moments.



We shall use 11 for a partition of r, TT_ for a partition of r excluding
1's, say .= (27233...) with 2r,+3r3+--- =r, and 11} for a
partition of r including at least one 1. Let n, be the number of
partitions of r, and N, the sum of the partitions of r. We also
partition vectors and matrices using subscript + and —. For
example mu_(,y = {mu(m.)}, mu,y={mu(m)}, and

B, =B,(N,n) = < g+: (;++r > since B_,, =0.

Since also C_;, = D_4, =0, the inversion principle (1.8) implies

B__,(N,n)t=B__,(nN),
Cffr(N, n)il = C,,,(n, N)7
for(N, n)il = for(m N),
so that B__,(n,N)f_(,), C__,(n,N)mu_,y, D__.(n,N)K_(, are
UEs of m_(,), mu_(yy, K_p).
The number of parts in 1T is denoted by g(m) :
q(]_l’12"2...) =n+rn+---. Set
(m)i = n(n=1):++(n—i+1) = nl/(n— i)



Products of non-central moments
Here we derive the result
E ﬁ”l(,) = B,m(,).

Skellam (1949) showed that for

5,:iX =nMm, and s, = Zx = Nm,,
=

s P(T[
Z)\n > SRy SRy, - Where

Ry =a1+-+am, Rp =amy1+- +agim,

5P(M sums over all P(11) such terms and Ay is the Carver
function, a function of (N, n) defined as follows:



A=V (e)Wn(e)... evaluated at & = ¢; = (n);/(N);.
where W; = W;(u) are the polynomials
Vi =u, Wy =u— 0, VU3 =u—3u" 4203V, = u— 7%+ 120% — 6u*,
W5 = u— 150 +50u® — 60u* + 2405,
We = u—31u% 4+ 180u° — 390u* + 3600 — 1204°, (4)
and so on. (He actually replaces m(7) by a more complicated

function.) For example

3
E S.,5:,52, = A3Sayt+ay+a; +A12 z Say+aySa3 + A1352; 52,525,

where A3 = e; —3e» —|—2e3,)\12 = e — 63,)\13 = €3,

and



3
E S6'1 e 535 =A (5)531+..-+35 +A (14) z Sai+...+a45as

10 10
+A23 Z Say+as+azSastas T Aj23 Z Saj+ay+azSasSas
15 10

+ A122 Z Say+apSaz+asSas T /\132 Z Say+apSazSaySas

+ A158a, - - Sag,

where A5 = e; — 15, + 50e3 — 60e4 +24e5, A1q = 2 — Te3 + 12e4 — bes,

Aoz = e —4e3+5eq — 265, )\123 = e3 — 3e4+ 265,
Aoz = e3—2e4+ €5, Az = €4 — €5, Ays = es.

He wrote (2.1) out in full for s <4. We extend this to s <6 in
Appendix E.



Set S(r) = {SmSm---: (TaTR---) a partition of r},

and similarly for s(,y. It follows from (2.1) that

E Sy = Ars(ry where A, ={A_ T, 1T partitions of r}

and Aj,---,Ag are as follows.
A1
A
Al_)\laAZ_()\ A ),Aa— A2 An
2 A A3 3A2 Aps

Since S, = ni, and s, = Nm,, (2.5) implies (2.1) with

B, = D' A, D,y where Doy = diag{ N9 : r(m) = r}.



For example

Dan = diag(n,n?,n? n3 n*).

Writing A, (N,n) = A, ={A, ¢(N,n):m, 7T partition of r}
and B,(N,n) = B, = {Byx(N,n) : 7,7 partitions of r}

it follows from (2.1) that

-« = bp(N,n,m) say.

r
E fg gy - = ;Bnn/(N,n)mn{mné

By the inversion principle

B,(N,n)"* = B.(n,N) (6)

so bp(n, N, M) is an UE of mpgmyg---. (7)



For example
E i3 = n3(AsNm3 +3A1 N2mamy + A3 N3 m3)
so N3(Asnfinz +3Aa1n* Mpfy + Aan®m3) is an UE of m3

where A is Ay with n and N reversed:
that is, with e; = (n);/(N); replaced by 1/e; = (N);/(n);.
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The reason for the inversion principle

Recall the symmetric functions

/ !

[T[ITEZ]n: ZX'HIXI'T“" [nlw"']N:%XiTXjT"'

n
n
'

where z sums over i, i, -+ distinct in 1,-+-,n .
n

The standardised function (7% --- 1) , = T4 - - - ], /(n); satisfies
the invariance principle



Examples

The UE of p(12) = var(X) is (L—n/N)2/(n—1).
The UE of u(13) = muz(X) is

(1= n/N)(1—2n/N)fis/(n—1)(n—2).

The UE of u(22) = var(fl) is [13.

These quickly get complicated. Set f; J/n/ Then
H2(f2) = Co2 aHa+ (Cp2 22 — C2.2)I12 for
C2‘2:N(f1 f2) (1—n )/(l—Nfl), C22_4:

N(fg—2f3+ﬁ1), C22.22 = ()\11/n2—2)\12/n3+3/\22/n4).
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