
Unbiased estimates for products of

moments and cumulants for finite

populations

Kit Withers (Kit.Withers@gmail.com)

formerly Industrial Research, Lower Hutt & DSIR

2015

1 / 21



Abstract

Let F = FN be the distribution of a finite real population of size N.
Let F̂ = Fn be the empirical distribution of a sample of size n drawn
from the population without replacement. We prove the following
remarkable inversion principle for obtaining unbiased estimates.
Let T (FN) be any product of the moments or cumulants of FN .

Set TnN(FN) = E T (Fn). Then E TNn(Fn) = T (FN).
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Introduction and Summary

Consider a random sample of size n without replacement, say
X1, ...,Xn, from a finite real population x1, ...,xN with mean
µ =m1 = N−1 ∑N

i=1 xi , r th moment, central moment and
cumulant mr = N−1 ∑N

i=1 x
r
i , µr = µr and κr . We obtain unbiased

estimates (UEs) for products of them

m(1r12r2 . . .) =mr1
1 m

r2
2 . . . ,

mu(1r12r2 ...) = µ r1µ r2
2 µ r3

3 . . . ,

κ(1r12r2 . . .) = κ r1
1 κ r2

2 . . .
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and for products of the joint central moments

µ(1r12r2 ...) = E (µ̂ −µ)r1(µ̂2−E µ̂2)
r2 ...

and for products of the corresponding joint cumulants κ(1r12r2 ...),
for weight ≤ 6 where the weight is

r(1r12r2 ...) = 1.r1+2.r2+ .... that is r(π) = a+b+ · · ·

for π = (a,b, · · ·) a partition of r .
We assume that all partitions π are put into ascending order
(1r12r2 ...). For example we write (122) or (112) rather than (212)
or (121).
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Our UEs are given in terms of

m̂(1r12r2 ...) = m̂r1
1 m̂

r2
2 · · · , and m̂u(1r12r2 · · ·) = µ̂ r1 µ̂ r2

2 · · · where

m̂1 = X = n−1
n

∑
i=1

Xi , m̂r = n−1
n

∑
i=1

X r
i , µ̂r = µr (F̂ ) = n−1

n

∑
i=1

(Xi −X )r .

For π a partition of r , 2 gives E m̂(π) and an UE of m(π) for
r ≤ 6. 3 gives E m̂u(π) and an UE of mu(π) for r ≤ 6.
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We discover a remarkable inversion principle. A result of this is
that these UEs do not require having to invert any matrices or
solve any sets of linear equations. Set

m(r) = {m(π) : π a partition of r} ,

mu(r) = {mu(π) : π a partition of r},

and K(r) = {K (π) : π a partition of r} .

These are vectors of length nr , the number of partitions of r ,
tabled on p307 of Comtet (1974). We shall use the ordering
(1),(2.12),(3.12.13),(4.13.22.122.14), (5.14.23.123.122.132.15) and
(6.15.24.32.124.123.23.133.1222.142.16). For example
m(3) = (m2, m1m2, m

3
1).
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In 2 we derive a matrix Br = Br (N,n) from Skellam (1949) such
that

E m̂(r) = Brm(r) so Br (N,n)−1m̂(r) is an UE of m(r).

In 3 we derive a matrix Cr = Cr (N,n) from Sukhatme (1944)
such that

E m̂u(r) = Crmu(r), so Cr (N,n)−1m̂u(r) is an UE of mu(r).

So expressing cumulants in terms of moments as

K(r) = Grm(r) where Gr is a matrix of constants,

it follows that

E K̂(r) = Dr (N,n)K(r) where Dr (N,n) = GrCr (N,n)G−1
r .

The inversion principle (proved in 7) states the following beautiful
result.

Br (N,n)−1 = Br (n,N), Cr (N,n)−1 = Cr (n,N)), Dr (N,n)−1 = Dr (n,N).

7 / 21



This implies that for T (F ) a product of moments or cumulants,

if TnN(F ) = E T (F̂ ) then E TNn(F̂ ) = T (F ).

This can be extended to general smooth functionals.
4 gives equivalent multivariate results to those of 3.
For partitions π1,π2, · · · set

µ(π1,π2, · · ·) = µ(π1)µ(π2) · · ·

and

κ(π1,π2, · · ·) = κ(π1)κ(π2) · · ·

5 gives E µ̂(π1,π2, · · ·) and an UE of µ(π1,π2, · · ·) up to total
order 6, in particular UEs for µ(1r ). MAPLE was used to simplify
the UE of µ(1r ) given by Dwyer and Tracy (1980) for r ≤ 5 and to
confirm they agreed with our results. Earlier, Nath (1968,1969)
gave µ(1r ) for r = 3,4 and UEs for them.
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6 gives E κ̂(π1,π2, · · ·) and an UE of κ(π1,π2, · · ·) up to total
order 6.
7 proves the inversion principle and a multivariate version: in this
case the dimension nr ×nr in (1.7) jumps to Nr ×Nr where

Nr =
r

∑
π
P(π), is the partition function,

P(1r12r2 · · ·) = r !/Πi=1(i !
ri ri !) for r = ∑

i=1

iri .

So Nr is the sum of the partitions of r . Pierce (1940) gives
transformations that allow one to obtain noncentral moments up
to order 6 for finite populations from those for infinite populations.
He also covers the case where the sample values X1, · · · ,Xn may
have different moments.
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We shall use π for a partition of r , π for a partition of r excluding
1’s, say π = (2r23r3 · · ·) with 2r2+3r3+ · · ·= r , and π+ for a
partition of r including at least one 1. Let nr be the number of
partitions of r , and Nr the sum of the partitions of r . We also
partition vectors and matrices using subscript + and –. For
example mu−(r) = {mu(π )}, mu+(r) = {mu(π+)}, and

Br = Br (N,n) =

(

B−−r 0
B+−r B++r

)

since B−+r = 0.

Since also C−+r = D−+r = 0, the inversion principle (1.8) implies

B−−r (N,n)−1 = B−−r (n,N),

C−−r (N,n)−1 = C−−r (n,N),

D−−r (N,n)−1 = D−−r (n,N),

so that B−−r (n,N)m̂−(r), C−−r (n,N)m̂u−(r), D−−r (n,N)K̂−(r) are
UEs of m−(r), mu−(r), K−(r).
The number of parts in π is denoted by q(π) :
q(1r12r2 · · ·) = r1+ r2+ · · · . Set
(n)i = n(n−1) · · ·(n− i +1) = n!/(n− i)!.
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Products of non-central moments

Here we derive the result

E m̂(r) = Brm(r). (1)

Skellam (1949) showed that for

Sr =
n

∑
i=1

X r
i = nm̂r and sr =

N

∑
i=1

x ri = Nmr ,

E Sa1 · · ·Sas =
s

∑
π

λπ

P(π)

∑ sRπ1
sRπ2

· · · where (2)

Rπ1 = a1+ · · ·+aπ1 ,Rπ2 = aπ1+1+ · · ·+aπ1+π2 , · · · , (3)

∑P(π) sums over all P(π) such terms and λπ is the Carver

function, a function of (N,n) defined as follows:
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λπ =Ψπ1(e)Ψπ2(e) . . . evaluated at e j = ej = (n)j/(N)j .

where Ψi =Ψi (u) are the polynomials

Ψ1 = u,Ψ2 = u−u2,Ψ3 = u−3u2+2u3,Ψ4 = u−7u2+12u3−6u4,

Ψ5 = u−15u2+50u3−60u4+24u5,

Ψ6 = u−31u2+180u3−390u4+360u5−120u6, (4)

and so on. (He actually replaces m(π) by a more complicated
function.) For example

E Sa1Sa2Sa3 = λ3sa1+a2+a3 +λ12
3

∑sa1+a2sa3 +λ13sa1sa2sa3 ,

where λ3 = e1−3e2+2e3,λ12 = e2− e3,λ13 = e3,

and
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E Sa1 · · ·Sa5 = λ (5)sa1+...+a5 +λ (14)
3

∑sa1+...+a4sa5

+λ23

10

∑sa1+a2+a3sa4+a5 +λ123

10

∑sa1+a2+a3sa4sa5

+λ122

15

∑sa1+a2sa3+a4sa5 +λ132

10

∑sa1+a2sa3sa4sa5

+λ15sa1 · · ·sa5 ,

where λ5 = e1−15e2+50e3−60e4+24e5, λ14 = e2−7e3+12e4−6e5,

λ23 = e2−4e3+5e4−2e5, λ123 = e3−3e4+2e5,

λ122 = e3−2e4+ e5, λ132 = e4− e5, λ15 = e5.

He wrote (2.1) out in full for s ≤ 4. We extend this to s ≤ 6 in
Appendix E.
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Set S(r) = {Sπ1Sπ2 · · · : (π1π2 · · ·) a partition of r},

and similarly for s(r). It follows from (2.1) that

E S(r) = Ar s(r) where Ar = {Aπ.π ′ : π,π
′
partitions of r} (5)

and A1, · · · ,A6 are as follows.

A1 = λ1,A2 =

(

λ1

λ2 λ11

)

,A3 =





λ1

λ2 λ11

λ3 3λ12 λ13



 .

Since Sr = nm̂r and sr = Nmr , (2.5) implies (2.1) with

Br = D−1
rn ArDrN where DrN = diag{Nq(π) : r(π) = r}.
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For example
D4N = diag(n,n2,n2,n3,n4).

Writing Ar (N,n) = Ar = {Aπ.π ′ (N,n) : π,π
′
partition of r}

and Br (N,n) = Br = {Bπ.π ′(N,n) : π,π
′
partitions of r}

it follows from (2.1) that

E m̂π1m̂π2 · · ·=
r

∑
π ′

Bπ.π ′ (N,n)mπ ′
1
mπ ′

2
· · ·= bπ(N,n,m) say.

By the inversion principle

Br (N,n)−1 = Br (n,N) (6)

so bπ(n,N,m̂) is an UE of mπ1mπ2 · · · . (7)
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For example

E m̂3
1 = n−3(λ3Nm3+3λ21N

2m2m1+λ13N
3m3

1)

so N−3(λ 3nm̂3+3λ 21n
2m̂2m̂1+λ 13n

3m̂3
1) is an UE of m3

1

where λ π is λπ with n and N reversed;
that is, with ej = (n)j/(N)j replaced by 1/ej = (N)j/(n)j .
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The reason for the inversion principle

Recall the symmetric functions

[π1π2 · · · ]n =

′

∑
n

X π1
i1
X π2
i2

· · · , [π1π2 · · · ]N =

′

∑
N

xπ1
i1
xπ2
i2
· · ·

where

′

∑
n

sums over i1, i2, · · · distinct in 1, · · · ,n .

The standardised function 〈π1 · · ·πj〉n = [π1 · · ·πj ]n/(n)j satisfies
the invariance principle

E 〈π1 · · ·πj〉n = 〈π1 · · ·πj〉N .

So for every partition π of r , E 〈π〉n = 〈π〉N .
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Examples

The UE of µ(12) = var(X ) is (1−n/N)µ̂2/(n−1).
The UE of µ(13) =mu3(X ) is
(1−n/N)(1−2n/N)µ̂3/(n−1)(n−2).
The UE of µ(22) = var(µ̂2) is µ̂2

2 .
These quickly get complicated. Set fj = λj/n

j . Then
µ2(µ̂2) = C22.4µ4+(C22.22 −C 2

2.2)µ2
2 for

C2.2 = N(f1− f2) = (1−n−1)/(1−N−1), C22.4 =
N(f2−2f3+ f4), C22.22 = N2(λ11/n

2−2λ12/n
3+3λ22/n

4).
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