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Voter model on Zd

I Each site x carries a vote ξt(x) ∈ {0, 1}.

I Sites have independent Poisson clocks.

I When clock rings at x ∈ Zd, x adopts the vote of a randomly
chosen neighbour, according to a kernel D(·).

I Start with lone 1 at origin o: ξ0(o) = 1, ξ0(x) = 0 for x 6= o.

I Let At = {x ∈ Zd : ξt(x) = 1} (set of 1’s at time t).

I |At| > 0 is martingale. P(|At| > 0) ∼ ct .
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Lattice trees on Zd

I a lattice tree T is a finite connected set of lattice bonds
(+vertices3 o) containing no cycles

I time associated to x ∈ T is tree distance from x to o

I At is set of particles at time t ∈ Z+

I choose random T by Pz(T) = czz|T |

I ∃ zc at which E[|T |] =∞, and

P(|At| > 0) ∼
c

t

(v.d.Hofstad, H. 2013)
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A measure-on-Rd valued process

Define

X
(n)
t (·) = C

n

∑
x∈Ant

δx/
√
cn(·),

and let

I Xt(f) =
∫
f(x)Xt(dx), and

I S = inf{t > 0 : Xt(1) = 0}, and

I µn(·) = C∗nP(X(n) ∈ ·), and

I Pεn(·) = Pn(·|S > ε)
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Convergence of the measure-valued processes

For each d, there exists a measure No (CSBM) such that

µn
w−→ No and for every ε > 0, Pεn

w−→ PεNo for:

I the voter model for d > 2 (Cox, Durrett, Perkins (2000), and
Bramson, Cox, Le Gall (2001)).

I lattice trees for d > 8 (v.d.Hofstad, H., Perkins)

I should also be true for (critical) oriented percolation and
contact process with d > 4.
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Genealogy missing:

This notion of convergence does not record genealogy.

e.g. can’t conclude convergence of probabilities of events like:

I There is at least mass λ > 0 in Gt ∈ B(Rd) at time t, and at
least half of it originated from mass in Gs ∈ B(Rd) at time s

I At least mass λ1 > 0 and λ2 > 0 in G1
t,G

2
t (disjoint )

originated from Gs.

I The largest total mass achieved by descendants of Gs is at
least λ.

In fact, not even N0-measureable when d < 4.
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A measure-on-paths-valued process

• For both models, if x ∈ At then there !∃ genealogy path

ωx,t = (ωx,t(s))s6t,

from (o, 0) to (x, t).

• The historical process (H
(n)
t )t>0 assigns measure C/n to

each path ((cn)−1/2ωx,nt(ns))s6t such that x ∈ Ant, i.e.

H
(n)
t (•) = C

n

∑
x∈Ant

δ(cn)−1/2ωx,nt
(•).
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Observables:
I There is at least mass λ > 0 in Gt ∈ B(Rd) at time t and at

least half of it originated from mass in Gs ∈ B(Rd) at time s:

{
Ht({y : y(t) ∈ Gt}) > λ

}
∩

{
Ht
(
{y : y(t) ∈ Gt,y(s) ∈ Gs}

)
Ht({y : y(t) ∈ Gt})

>
1

2

}
.

I At least mass λ1 > 0 and λ2 > 0 in G1
t,G

2
t (disjoint)

originated from Gs:

2⋂
i=1

{
Ht
(
{y : y(t) ∈ Git,y(s) ∈ Gs}

)
> λi
}

.

I The largest total mass of descendants of Gs is at least λ > 0:{
sup
t>s

Ht({y : y(s) ∈ Gs}) > λ
}

.



Observables:
I There is at least mass λ > 0 in Gt ∈ B(Rd) at time t and at

least half of it originated from mass in Gs ∈ B(Rd) at time s:{
Ht({y : y(t) ∈ Gt}) > λ

}
∩

{
Ht
(
{y : y(t) ∈ Gt,y(s) ∈ Gs}

)
Ht({y : y(t) ∈ Gt})

>
1

2

}
.

I At least mass λ1 > 0 and λ2 > 0 in G1
t,G

2
t (disjoint)

originated from Gs:

2⋂
i=1

{
Ht
(
{y : y(t) ∈ Git,y(s) ∈ Gs}

)
> λi
}

.

I The largest total mass of descendants of Gs is at least λ > 0:{
sup
t>s

Ht({y : y(s) ∈ Gs}) > λ
}

.



Observables:
I There is at least mass λ > 0 in Gt ∈ B(Rd) at time t and at

least half of it originated from mass in Gs ∈ B(Rd) at time s:{
Ht({y : y(t) ∈ Gt}) > λ

}
∩

{
Ht
(
{y : y(t) ∈ Gt,y(s) ∈ Gs}

)
Ht({y : y(t) ∈ Gt})

>
1

2

}
.

I At least mass λ1 > 0 and λ2 > 0 in G1
t,G

2
t (disjoint)

originated from Gs:

2⋂
i=1

{
Ht
(
{y : y(t) ∈ Git,y(s) ∈ Gs}

)
> λi
}

.

I The largest total mass of descendants of Gs is at least λ > 0:{
sup
t>s

Ht({y : y(s) ∈ Gs}) > λ
}

.



Observables:
I There is at least mass λ > 0 in Gt ∈ B(Rd) at time t and at

least half of it originated from mass in Gs ∈ B(Rd) at time s:{
Ht({y : y(t) ∈ Gt}) > λ

}
∩

{
Ht
(
{y : y(t) ∈ Gt,y(s) ∈ Gs}

)
Ht({y : y(t) ∈ Gt})

>
1

2

}
.

I At least mass λ1 > 0 and λ2 > 0 in G1
t,G

2
t (disjoint)

originated from Gs:

2⋂
i=1

{
Ht
(
{y : y(t) ∈ Git,y(s) ∈ Gs}

)
> λi
}

.

I The largest total mass of descendants of Gs is at least λ > 0:{
sup
t>s

Ht({y : y(s) ∈ Gs}) > λ
}

.



Observables:
I There is at least mass λ > 0 in Gt ∈ B(Rd) at time t and at

least half of it originated from mass in Gs ∈ B(Rd) at time s:{
Ht({y : y(t) ∈ Gt}) > λ

}
∩

{
Ht
(
{y : y(t) ∈ Gt,y(s) ∈ Gs}

)
Ht({y : y(t) ∈ Gt})

>
1

2

}
.

I At least mass λ1 > 0 and λ2 > 0 in G1
t,G

2
t (disjoint)

originated from Gs:

2⋂
i=1

{
Ht
(
{y : y(t) ∈ Git,y(s) ∈ Gs}

)
> λi
}

.

I The largest total mass of descendants of Gs is at least λ > 0:

{
sup
t>s

Ht({y : y(s) ∈ Gs}) > λ
}

.



Observables:
I There is at least mass λ > 0 in Gt ∈ B(Rd) at time t and at

least half of it originated from mass in Gs ∈ B(Rd) at time s:{
Ht({y : y(t) ∈ Gt}) > λ

}
∩

{
Ht
(
{y : y(t) ∈ Gt,y(s) ∈ Gs}

)
Ht({y : y(t) ∈ Gt})

>
1

2

}
.

I At least mass λ1 > 0 and λ2 > 0 in G1
t,G

2
t (disjoint)

originated from Gs:

2⋂
i=1

{
Ht
(
{y : y(t) ∈ Git,y(s) ∈ Gs}

)
> λi
}

.

I The largest total mass of descendants of Gs is at least λ > 0:{
sup
t>s

Ht({y : y(s) ∈ Gs}) > λ
}

.



Convergence theorem 1
Theorem: Assume

(i) paths originate at o ∈ Rd a.s. under µn

(ii) Eµn [Ht(•)]
w−→ ENHo [Ht(•)], for all t > 0,

(iii) for every ` ∈ Z+, ~t ∈ R`+, φ1, . . . ,φ` ∈ G

Eµn

∏̀
j=1

Htj(φj)

→ ENH0

∏̀
j=1

Htj(φj)

 <∞.

(iv) µn(S > ε)→ NHo (S > ε) for all ε > 0.

Then µn
f.d.d.→ NHo .

Here 0 = s0 < · · · < sm and ~k ∈ Rdm and

φ~s,~k(y) ≡
m∏
j=1

eikj(y(sj)−y(sj−1)), (1)

and G =
{
φ~s,~k : ~s,~k as above for some m ∈ N

}
.
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Comments:

Let Sn be simple random walk.

Then∑
x∈Zd

P
(
Snt = x,

(Sns√
n

)
s6t ∈ •

)

= P
((Sns√

n

)
s6t ∈ •

)
→ P ((Bs)s6t ∈ •) .

Now

Eµn [Ht(•)] = C
∑
x∈Zd

P
(
x ∈ Ant,

ωx,nt√
cn
∈ •
)

.

and

ENH0
[Ht(•)] = P ((Bs)s6t ∈ •) .

For voter model, (ii) is: CTRW
w−→ BM.
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Current/future work:

• verify conditions of theorem for voter model

• verify (ii) theorem for lattice trees

• tightness condition for convergence on path space
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Future work II

Let

I X(·) =
∫∞
0 Xt(·)dt be the total total mass,

and

I En = {X(B(o,n)c) > 0} be exit event.

Proving weak convergence of historical processes won’t resolve exit
probability asymptotics:

(∗) lim
n→∞n2P(En)→ δ ∈ (0, 1).

Proving n2

lognP(En) 6 c is straightforward if armed with survival
probability and local CLT.
Convergence of the snakes to Brownian snake (Le Gall) would
imply (*).
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Comments:

Eµn [Ht(φ~s,~k)] =C
∑
~x:

x0=o

m+1∏
j=1

e
i
kj√
n
(xj−xj−1)


P

(
m+1⋂
i=1

{
(xi−1,nsi−1) ⇀ (xi,nsi)

})
,

Mixed moments are uglier.
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