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A F- flow is a function ¢ : ECG )→p st
.

VVEVCG )
, I ¢( e) = [ ¢ (e) otch •Y# Jtv )

eaten eestv )

9 is nowhere zero if 0/4=10 tee ECG) ( i.e. Supp (4) = ECG ) )

If G has a bridge then G has no nowhere ter flow :
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A K - flow is a Zk - flow .

If G has a nowhere terok - flow ¢ , then 15M¥ = 1
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A K - flow is a Zk - flow .

If G has a nowhere terok - flow ¢ , then 15M¥ = 1

IECG ) 1

In general ,
how large can the ratio $+44 be ?

IE41

hk ,
K )= max { lYeMdjYln / ¢ is ak - flow of G ] ( K72 )

hCG, K ) = I iff G has a nowhere zero flow

h( G ,k)=o iff G is a forest in.
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h ( 6
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hk ,
K )= max { lYeMdjYln / 10 isak - flow of 6 ] ( K72 )

hlt ,k)= inf ( h( 4,41 Gist - edge . connected ]

What we know : What we'd like to know :

h( zj , 2) = hlzjti , 2) =
2 Tutte 3- flow conj : hl 4,31=1

Zjtl

hl34 ) = ¥ ( Kral ,
Kaiser and Norine )

ulte 5- Flow Gnj : h( 2,51=1

her values ?

h( 4,41=1 (Jaeger )

h( 2,61=1 ( Seymour )

h (6/3)=1 ( Lovast
, Thomassen

,
Wu

, thay )
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Theorem : every 3- edge - connected graph G has a 3- flow to with

/ Supp ( ¢) ) 3 I IEKH

Bound achieved by K4

Corollary :  if G is a simple planar graph ,
then there exists

a colouring f :V( G) - > ll , 2,3 } so that the number of edges

uv with flu ) = fcvi is at most tz IECG) I
.
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If 01 is a flow , 0/41=0 t vEV( G) .

In general , Iona,
00/4=0 .

A fn µ : VCG) → P is Zero - sum if [ua,µa)=o .

Theorem : if G is an oriented 3- edge - connected graph and

µ : V( G) -723 is Zero - sum ,
then 7 10 : ECG) -723 st. :
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and
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.



Theorem : if G is an oriented 3- edge . connected graph and

µ : V( G) - 23 is Zero - sum ,
then 7 ¢ : ECG) -723 st. :

0¢=µ ,
and

lsupp ( $1356 IECG )/
.

Here 3- edge . connectivity is necessary :

. take a 3. edge - connected graph G with IEIG ) 1=0 ( mod 3)

. Subdivide each edge of a twice :
• • • • . • •

0 I 1 0

. Set µ as • • . • •

0 I 1 0

Any 01 will look as • > • . > • > . so Isupp 41£25 IECG)|
a a- 1 a -2



Wemove to subdivisions of 3- edge - connected graphs.

An ear in a 2- edge . connected graph is a subgraph that is one of :

••
•

a•  ⇐•• • @•• • • = G
•

....
•

•
•

We can partition the edge set of G into edge sets of ears
.



Possible reductions :

deleting
ears

µ(v° ) MCVK) µ(V° ) I ~/(e , ) MCVK) - t( eu )
• •o••**• • • •

tle , ) 1- let 1- ( eu )contracting
2- edge - connected subgraphs

•
•

µw ,) Mary
• a.q.ae#..MHt:tMwu )

• Mlvu )

•s



For a valid 10 , once we choose the value of 01 on one edge

of an ear P
, all the values on that ear are fixed .

MCV ,) µ( vz ) MW3) Mlva)
a. are a. oao. as

a a- µµ , ) a -µ(v , ) - Mar ) . . .

Different types of ears help us in different ways ( ordon't help at all ! )
So we assign different bonuses to different ears .



The bonus of an ear Pis

:
bonus ( pj =/

if Pegvitab ,e

if IECP) 1=2 ( mod 3)

4 otherwise

Equitable ear P : for any choice of ¢ , Is of the edges of P

get value Zero .

1 1

e.g. c. •a$ as a..

a a
-1

a -2

bonus

(G)
= sum of the bonuses of all the ears

.



If H is a subgraph of G and X : ECH ) → Z
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then

gain (f) = 241 supply ) 1 - 161ELH) 1



If H is a subgraph of G and X : ECH ) → Z
,

then

gain (f) = 241 supply ) 1 -161ELHH

Le : if P is an inequitable ear of G and IECP )I=3kti ( l£i£3 )
,

then P has a valid T : ECP) -5kg with gainlt ) >,8i
.

e.g. ••a⇒o••o gain = 24-16=8

b
• • * gain = 2.24-2.16=16

a a- b

a , a- bto
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Lemma : if G is an oriented graph that is a subdivision of a

3- edge - connected graph and µ : V( G) → } is Zero - sum ,

then I 10 : ECG) → 23 st. :

0¢=µ ,
and

gain (4) } bonus (G)
.

If G is 3- edge connected
,

then every edge of G is an ear

of length 1 and bonus (G) = 4 IECG ) 1
.

So gain (4) = 24 Isupp (d) I -16 IECG)/ 3 4 IEKH

⇒ lsupp (4) 13 I IECG) I .



Thaywoiy .


