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Constructive
Mathematics

Throughout, we work in the Bishop-style constructive
mathematical framework (BISH), which is mathematics
using intuitionistic logic and some appropriate constructive
foundation (e.g. Aczel's CZF or Martin-Lof type theory).

Occasionally we may refer to classical mathematics
(CLASS) for comparison purposes.

UNIVERSITY OF
CANTERBURY



Constructive

Mathematics B H K I nterpretatlon

Intuitionistic logic is positively characterized by the
Brouwer-Heyting-Kolmogorov interpretation:

PAQ
PvQ
P=Q
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We have a proof of P, and a proof of Q.
We have a proof of P, or we have a proof of Q.

We have an algorithm which turns proofs of P
into proofs of Q.

Assuming P, we can prove (say) 0 = 1.

We have an algorithm which, given any object x
belonging to A, shows that P(x).

We have an algorithm which
(i) computes an object, x, belonging to A, and
(i) shows that P(x).



Constructive
Mathematics

Here we present conditions which ensure that if the
Dirichlet problem has weak solutions on arbitrary close
internal approximations to a domain 2 C R"” then it has a
(unique) weak solution on  also.




Constructive
Mathematics

Here we present conditions which ensure that if the
Dirichlet problem has weak solutions on arbitrary close
internal approximations to a domain 2 C R"” then it has a
(unique) weak solution on  also.

We give some Brouwerian examples to show that, even on
geometrically quite reasonable domains in R?, existence of
(weak or strong) solutions is an essentially nonconstructive
result.




A subset S of a metric space X is well contained in Q C X
Measure & if there exists r > 0 such that x € Q whenever p(x,S) < r.

Geometry
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A subset S of a metric space X is well contained in Q C X
Measure & if there exists r > 0 such that x € Q whenever p(x,S) < r.

Geometry

A subset Q of a metric space X is:
m Jocated if  p(x,Q) =inf{p(x,y):y € Q}
exists (i.e. can be computed) for each x € X.
m totally bounded if for each € > 0 it has a finite
g-approximation.
® edge coherent if x € Q whenever x € Q and
p(x,09Q) > 0,
Further, by a complemented set  in X we mean an
ordered pair (Q, Q%) C X x X such that p(x,y) > 0 for all
xeQlyeqd
If the characteristic function of a complemented set is
integrable then we call Q an integrable set with measure

() = [ xa-




Dirichlet

The Dirichlet Problem

asks us to identify a function u (with some suitable
regularity conditions) such that

Au=fonQ, u(x) = 0 for all x € 09,

where Q is a domain in R" and f € [»(Q).



The Dirichlet Problem

asks us to identify a function u (with some suitable

Dirichlet regularity conditions) such that

Au=fonQ, u(x) = 0 for all x € 09,

where Q is a domain in R" and f € [»(Q).

Alternatively we may consider
Au=0on Q, u(x) = f(x) for all x € 0Q
for some continuous f.

By a weak solution we mean an element u € H3(2) such

that
(U, V) Hyq) = /Vu Vv—/fv
Ulle\)l

S for all v € G3(Q).
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® |t is edge coherent, totally bounded and open in R".
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divergence theorem.




We define a subset Q2 of R"” a Wang domain if:
® |t is edge coherent, totally bounded and open in R".

® The boundary 09 is compact.

Sufficient
conditions

® The complemented set Q = (2, —Q) is Lebesgue
integrable and, together with 0%, subject to the
divergence theorem.

® There exists ¢y > 0 such that if
(09), = {x €Q: p(x,00) < r}

is integrable, then
/ lu? < c0r2/ [V ul|? (ue H&(Q))
(092), (09)

(a Poincaré-like inequality).




Theorem
Let Q be a Wang domain in R" and let f € L»(2). Suppose
Sufficient there exists a sequence (Q,)n>1 of edge coherent, totally

bounded, open subsets of 2, each having compact
boundary, such that for each n,

m Q, CC Qnya,
m Q, and 090, are Lebesgue integrable, with 1(02,) =0,
= max {p(Qn, Q), p(0Q,,0Q)} — 0 as n — oo, and

® the Dirichlet problem has a weak solution u, in H3(Q2,).

Then the sequence (up),>1 converges in H3(Q) to a weak
solution of the Dirichlet problem.
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Nonconstructive
Principles

Some important principles

The Limited Principle of Omniscience: given any binary
sequence (ap)n>1, We can prove

LPO: Vn(a, =0)V3n(a, =1).

The Weak Limited Principle of Omniscience: given any
binary sequence (a,)n>1, we can prove

WLPO: Vn(a, =0)V —=Vn(a, =0).

Markov'’s Principle of unbounded search: given any binary
sequence (an)n>1,

MP: —Vn(a, =0) = 3n(a, =1).



I
Construction 1

Let (an)n>1 be an increasing binary sequence with a; = 0.

Let D be the open unit disc in R? and for each positive
integer n set

Two domains

1
Tn:{xeR2:n<||x||<1}.
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Construction 1

Let (an)n>1 be an increasing binary sequence with a; = 0.

Let D be the open unit disc in R? and for each positive
integer n set

1
Tn:{xeR2:n<||x||<1}.

mfa,=0setQ,=0D.
mfa,=1—-a,_1setQ,=T,forall k> n.

Let Q2 be the interior of the subset (1., Q, of D.
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Two domains

Weak solutions imply LPO
Take Q from Construction 1, and let f(x) = log ||x]||.

It can be shown that f is (uniformly!) continuous on 0%.
(Subtlety: we need MP for this.)

Suppose that the Dirichlet problem
Au=0on Q, u(x) = f(x) for all x € 90Q

has a weak solution in H}(Q).



Weak solutions imply LPO
Take Q from Construction 1, and let f(x) = log ||x]||.

It can be shown that f is (uniformly!) continuous on 0%.
(Subtlety: we need MP for this.)

Two domains

Suppose that the Dirichlet problem
Au=0on Q, u(x) = f(x) for all x € 90Q
has a weak solution in H}(Q).

If a, = 0 for all n, then u =0 is the (weak and strong)
solution of the Dirichlet problem on €2, and in this case

/ v =0.
UCw Q
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But if a, = 1 for some n, then u = log||x|| is the (weak and
strong) solution, and then:

/uz—w l—ilozl—l-ilo 1ol
a 2 R T 2% T o)

Two domains




But if a, = 1 for some n, then u = log||x|| is the (weak and
strong) solution, and then:

/u2—7r l—llozl—l-ilo 1ol
a 2 R T 2% T o)

This is increasing for n > 0, its limit as n — oo is g and
the case n = 2 is larger than %.
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Two domains

But if a, = 1 for some n, then u = log||x|| is the (weak and
strong) solution, and then:

/u2 1 1Io21—|—1lol 1
=7|=--— -+ — - ——.

Q 2 2% T %% T o

This is increasing for n > 0, its limit as n — oo is g and
the case n = 2 is larger than %.

Since we can decide whether

1
/u2>0 or /u2<
Q Q 4

we have LPO. (again using MP)



Theorem

If for every totally bounded, Lebesgue integrable open
subset of R" and every continuous function f : 9 — R the
Dirichlet problem

Au=0o0nQ, u(x) = f(x) for all x € 0Q

has a weak solution in H}(Q) then (with MP) LPO holds.



Two domains

Observations about Q

It satisfies an exterior cone condition, but not uniformly.

It is edge coherent.

® Approximating it internally by compact sets is
nonconstructive (WLPO).

The boundary 09 is not totally bounded (WLPO).
Although € is located, 91 is not.
(02), is not constructively integrable (WLPO).



Two domains

Observations about Q

m |t satisfies an exterior cone condition, but not uniformly.
B |t is edge coherent.

® Approximating it internally by compact sets is
nonconstructive (WLPO).

® The boundary 09 is not totally bounded (WLPO).
m Although Q is located, 0Q2 is not.
® (09Q), is not constructively integrable (WLPO).

m We used MP.



Corollary

If every open, Lebesgue integrable domain in R" has
integrable boundary, then WLPO holds.

Two domains

So there are subtleties concerning the divergence theorem.

We may state a suitably modified version.
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Construction 2

Let (an),; be a binary sequence.

Let D be the open unit disc in R? and for each positive
integer n set

1
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Strong solutions imply WLPO

Take Q from Construction 2, and let f(x) =1 — ||x||.

Clearly f is uniformly continuous on 0.
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oo domains Clearly f is uniformly continuous on 0S2.

If a, = 0 for all n, then u =0 is the (strong) solution of the
Dirichlet problem and so u(0,0) = 0.

But if a, = 1 for some n, then (0, O) € 022 and the
boundary condition forces u(0,0) =
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Strong solutions imply WLPO

Take Q from Construction 2, and let f(x) =1 — ||x||.

Clearly f is uniformly continuous on 0.

Two domains

If a, = 0 for all n, then u =0 is the (strong) solution of the
Dirichlet problem and so u(0,0) = 0.

But if a, = 1 for some n, then (0, O) € 022 and the
boundary condition forces u(0,0) =

Thus if this Dirichlet problem has a strong solution, WLPO
holds.
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Two domains

Theorem

If for every totally bounded, Lebesgue integrable open
subset of R" and every (uniformly) continuous function
f: 02 — R the Dirichlet problem

Au=0onQ, u(x) = f(x) for all x € 0Q

has a strong solution then WLPO holds.
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Lesson

The question of existence of (weak or strong) solutions to
Dirichlet problems, as classically conceived, is essentially
nonconstructive.

We have provided sufficient conditions for solutions to be
constructible.

Question: What conditions are necessary?
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Thank you for listening!
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