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The Continuum

@ PFA — ¢ = No.

@ MA — add(L) = «¢.

@ PFA — MRP — ¢ = No.

@ Question: MRP — add(L) = ¢?
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Cardinal Invariants

Ny

b add(L)
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Introduction

@ A partial order P is distributive, if forcing with P add no new
countable sequence of ordinals.

@ If P is proper, then P is distributive iff it adds no new reals.

@ DPFA (Distributive Proper Forcing Axiom) is the following
statement: If P is distributive and proper, D is a collection of
dense subsets of P, |D| = Ky, then there is a filter G C P s.t.
VDe®,GND #0.
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Introduction

@ DPFA — MRP.
@ Question: DPFA — add(L) = ¢?
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PFA and its Fragments

<wi—PFA——MA

PFA —— DPFA

MRP —— ¢ =8,

BPFA MA
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Introduction

PFA and its Fragments

<wi—PFA——MA

PFA —~ DPFA

MRP —— ¢ =8,

BPFA MA

Question: What is the relationship among these fragments of
PFA ?
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The Main Theorem

The Main Theorem

Theorem [2010]

If it is consistent that a supercompact cardinal exists, then it is
consistent that DPFA holds and a = u =1 = cof(£) = Ny < c.
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The Main Theorem

The Main Theorem

Theorem [2010]

If it is consistent that a supercompact cardinal exists, then it is
consistent that DPFA holds and a = u =1 = cof(£) = Ny < c.

Corollary
DPFA, BPFA and < w1 — PFA are mutually independent.
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The Main Theorem

Strategy

@ Step 1: Construct or force witnesses of the smallness of the
cardinal invariants.
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@ Step 1: Construct or force witnesses of the smallness of the
cardinal invariants.

@ Step 2: Force DPFA from a supercompact cardinal.
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The Main Theorem

Strategy

@ Step 1: Construct or force witnesses of the smallness of the
cardinal invariants.

@ Step 2: Force DPFA from a supercompact cardinal.
@ The witnesses found in step 1 survive in step 2.
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The Main Theorem

Force a MAD Family

@ V E CH. Force with ((As, By) : @ € w1) to get {a, : a € w1}.
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@ For successor stage 8 + 1, with w < 8 < wy. Define in VA%:
Bg = {p = (Sp. tp)Isp € [w]™*. 1p € [B]*}.
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Force a MAD Family

@ V E CH. Force with ((As, By) : @ € w1) to get {a, : a € w1}.

@ A, is trivial (namely VA = V) and VA £ {a, : @ € w} forms a
partition of w.

@ For successor stage 8 + 1, with w < 8 < wy. Define in VA%:
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The Main Theorem

Force a MAD Family

@ V E CH. Force with ((As, By) : @ € w1) to get {a, : a € w1}.

@ A, is trivial (namely VA = V) and VA £ {a, : @ € w} forms a
partition of w.

@ For successor stage 8 + 1, with w < 8 < wy. Define in VA%:
Bg = {p = (Sp. tp)Isp € [w]™*. 1p € [B]*}.

® p < qiffisp 2e Sq. Ip 2 tg, (Sp \ Sq) N Uet, @ = 0.
@ ag = Ufsp : p € G}, where G is (V*, bg)- generic.
@ At limit stages, take finite support.

e A=A,,.
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The Main Theorem

Properties

e If a e VA N [w]® satisfying Ya < B,]a N a,| < w, then
VA1 E |a N agl = .
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e If a e VA N [w]® satisfying Ya < B,]a N a,| < w, then
VA1 E |a N agl = .

@ If X is a real in VA, then there is some a < w1, such that
X € VA,
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The Main Theorem

Properties

e If a e VA N [w]® satisfying Ya < B,]a N a,| < w, then
VA1 E |a N agl = .

@ If X is a real in VA, then there is some a < w1, such that
X € VA,

o VAE{a, : @ < wy}is a MAD family.
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The Main Theorem

Force DPFA

@ Modify Baumgartner’s proof of consistency of PFA from a
Laver function f : k — V,, where « is supercompact.
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@ Modify Baumgartner’s proof of consistency of PFA from a
Laver function f : k — V,, where « is supercompact.

@ The forcing D is a countable support iteration {(Dag, Oa)la € k).
Each iterand Q, is distributive and proper.
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The Main Theorem

Force DPFA

@ Modify Baumgartner’s proof of consistency of PFA from a
Laver function f : k — V,, where « is supercompact.

@ The forcing D is a countable support iteration {(Dag, Oa)la € k).
Each iterand Q, is distributive and proper.

@ The limit D is proper, but not distributive!
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@ In VA, a partial order Q is “nice” iff
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“Nice” Forcing

@ In VA, a partial order Q is “nice” iff

@ VYA large regular cardinal, ¥ countable N < H; with Q € N,
V¢ € wr \ N such that a; is (N, Bg)-generic, Yp € NN Q,
dq € Q such that:
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Preservation Theorems

“Nice” Forcing

@ In VA, a partial order Q is “nice” iff

@ VYA large regular cardinal, ¥ countable N < H; with Q € N,
V¢ € wr \ N such that a; is (N, Bg)-generic, Yp € NN Q,
dq € Q such that:

@ g<p,qis (N,Q)-generic, g I a: is (N[G N N}, B:)-generic.
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Preservation Theorems

@ If VA E Qis nice, then VAR E {a, : @ < wq} is MAD.
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Preservation Theorems

@ If VA E Qis nice, then VAR E {a, : @ < wq} is MAD.

@ Proof: Otherwise, in VA, there will be some p € Q, and some
Q-name 7 such that p I T witnesses that {a, : @ < w1} is not
maximal. Let N < H, be such that {r,p, Q} c N and
£ € wy \ N, such that a; is (N, B:)-generic. By the definition of
niceness, 3q < p, q is (N, Q)-generic and g I &, is
(N[G N N], B¢)-generic. Then g - da <& [tNa,| = w, a
contradiction.
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Preservation Theorems

What is “Nice”

@ If Q is distributive and proper, then Q is nice.
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Preservation Theorems

What is “Nice”

@ If Q is distributive and proper, then Q is nice.
@ Proof: Notice that each B is countable.
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Preservation Theorems

How “Nice”

@ “Niceness” is preserved under countable support iteration.
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Preservation Theorems

How “Nice”

@ “Niceness” is preserved under countable support iteration.
@ Proof: By induction on length of the iteration.
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Preservation Theorems

The Model VA+P

@ V E CH Ak is a supercompact cardinal. Force with A.
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Preservation Theorems

The Model VA+P

@ V E CH Ak is a supercompact cardinal. Force with A.
@ In VA, force with D = ((D,, Qu)la € ).

@ Each Q, is distributive and proper, hence nice.

@ Dis nice.
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Preservation Theorems

The Model VA+P

@ V E CH Ak is a supercompact cardinal. Force with A.
@ In VA, force with D = ((D,, Qu)la € ).

@ Each Q, is distributive and proper, hence nice.

@ Dis nice.

o VAD £ DPFA A a = Nj.
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Preservation Theorems

Other Cardinal Invariants

@ For u,iand cof(L), more properties are to be preserved
under CS iteration of proper forcing. e.g.
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Other Cardinal Invariants

@ For u,iand cof(L), more properties are to be preserved
under CS iteration of proper forcing. e.g.

@ Sacks Property,
@ P-point preserving,
@ w“-bounding,
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Preservation Theorems

Other Cardinal Invariants

For u, i and cof(£L), more properties are to be preserved
under CS iteration of proper forcing. e.g.

Sacks Property,
P-point preserving,
w®-bounding,

® 6 6 o

Dense open set property of w<v. etc.
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Fragments of PFA

@ DPFA does not imply MA,, .
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Fragments of PFA

@ DPFA does not imply MA,, .
@ BPFA has low large cardinal strength.

@ < wy — PFA is consistent with “there is a club guessing
sequence on w1”.
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Fragments of PFA

Fragments of PFA

@ DPFA does not imply MA,, .
@ BPFA has low large cardinal strength.

@ < wy — PFA is consistent with “there is a club guessing
sequence on w1”.

@ DPFA, BPFA and < w1 — PFA are mutually independent.
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Fragments of PFA

Thank you!
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