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In model theory, we ask:
What properties can be defined in FO, SO, etc?

In computational complexity, we ask:
What properties are in PTIME, NP, etc?

Descriptive complexity shows that

the computational complexity of problems can be matched by their logic
definability, and vice versa.

For example, by Immerman-Vardi Theorem,

A class L of strings is decidable in polynomial time

<= L is definable in inflationary fixed point logic.
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The contents

> Inflationary fixed point logic IFP.
> The general framework of descriptive complexity.

» Fagin's Theorem and Immerman-Vardi Theorem.



Assuming that you're familiar with



Assuming that you're familiar with

» first-order logic;



Assuming that you're familiar with

» first-order logic;

> basic complexity theory, e.g., PTIME, NP and the NP-completeness of
SAT.



Inflationary Fixed Point Logic



In a nutshell

Inflationary fixed point logic IFP is an extension of first-order logic by a fixed
point operator that allows it to formalise inductive definitions.
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Relational structures

A vocabulary 7 is a finite set of relation symbols R, and each R has an arity
arity(R) € N.
A structure A of vocabulary 7 (for short: 7-structure) consists of

> a finite vertex set V/(A),

> a relation R(A) C V(A" for every relation symbol R € 7.

Graphs and digraphs are structures of vocabulary {E}, where E is a binary
relation symbol.
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Ordered structures

Let < be a distinguished binary relation symbol.

An ordered structure is structure A whose vocabulary contains < such that <A
is a linear order on V(A).

An ordered graph is an {E, <}-structure G = (V(G), E(G), <®) where
» (V(G), E(G)) is a graph,
» <C is a linear order of V(G).

Anything which algorithms/Turing machines operate on is inherently ordered,
since it is ultimately a binary string.
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S := the class of all structures.
O := the class of all ordered structures.
A property of 7-structures is a class of 7-structures that is closed under
isomorphism.
EVeN = {A||V(A)| is even}.
CoNN  := {G | G is a connected graph}.
Dac = {D | D is a directed acyclic graph}.
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Syntax of first-order logic FO

FO has individual variables x, y, z... ranging over the vertices of the structure
at hand.

Atomic FO-formulae of vocabulary 7 are of the form

> x =y, where x, y are individual variables,

» RX, where R € 7 and X with arity(R) = |X|.
Arbitrary FO-formulae are formed from atomic formulae by applying —, A, V,
—, and quantifiers Jx, Vx.

FO[7] := the class of all FO-formulae of vocabulary 7.
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Semantics of first-order logic FO

We interpret FO-formulae of vocabulary 7 in 7-interpretations (A, ), where
> A is a nonempty 7-structure,

> « an assignment that associates a vertex a(x) € V(A) with each
individual variable x.

(A, o) E RXif a(X) € R(A).
If ¢ has no free variable, we can talk about whether A = ¢.

Example

A graph G contains an independent set of size k if and only if

GE3Ix... 3 /\ (xi # x;j A 2Exix;)

1<i<j<k
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The limitation of FO

There is no FO-formula ¢ such that

AEp <= |V(A)]is even.

There is no FO-formula ¢ such that

GE¢ <= G isa connected graph.
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Syntax of IFP

IFP has new relation variables X of some arity arity(X) € N, which ranges over
k-ary relations over the vertex set of the structure at hand.

We have new atomic formulae of the form XX, where arity(X) = |X].

ifp is an inflationary fixed point operator with the following syntax:
ifp (XX + @) ¥,

where arity(X) = |X]| = |X'].
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Inductive definition of EVEN

Consider

min(x) := Vy(x <),
succ(x,y) =x < yAx#yAVz((x<zAz<y) > (x=zVz=y)),
succ2(x, y) := 3z(succ(x, z) Asucc(z, y)).

Let
Xx < min(x) V 3y (Xy A succ2(y, x)).

Then X defines the set of vertices whose distance from the minimum element
(with respect to the order) is even.

An ordered non-empty structure A has an even number of vertices if and only if
Al EIuEIv(VW(W < v) Asucc(u, v)

A ifp(Xx <~ min(x) V Hy(Xy A succ2(y, X)))u)
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Semantics of IFP

In an interpretation (A, ), the assignment « assigns
> a vertex ax) € V(A) to each individual variable x,
> a k-ary relation a(X) C V(A)¥ to each relation variable X with
k := arity(X).

Let x be an individual variable and v € V/(A), then (v /x) is the assignment
defined by

a(v/x)(x)=v
a(v/x y) =« y) for individual variable y # x
a(v/x)(X) = a(X) for relation variable X.

We use similar notations (R /X) and a(R /X, v/x).
(A @) E XX if a(X) € aX).



Semantics of IFP (cont'd)



Semantics of IFP (cont'd)

For formula
ifp (XX < )X,

and interpretation (A, «), we define a mapping F : VA 4 VA o the
k-ary relation R C V(A)* by

F(R):={v e V(A" | (A a(R/X,V/%)) E ¢}.



Semantics of IFP (cont'd)

For formula
ifp (XX < ) X',

and interpretation (A, «), we define a mapping F : VA VA" o the
k-ary relation R C V(A)* by
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Semantics of IFP (cont'd)

For formula
ifp (XX < ) X',

and interpretation (A, «), we define a mapping F : VA VA" o the
k-ary relation R C V(A)* by

F(R):={v e V(A" | (A a(R/X,V/%)) E ¢}.
We inductively define a sequence (X');en of k-ary relations on V/(A):
X%:=0
X = X"UF(X)) (for all i € N).

By the finiteness of V(A), the sequence X° C X' C X2 C .- C V(A)k reaches
a fixed point X°°. Then

(A Q) Eifp(XX + @)% ifa(X) € X,
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Connectivity

Consider
path(x,y) := ifp(Y(y) —x=yV3Iz(Y(z)A E(z,y)))(y).
Let G be a graph and « an assignment with a(x) = v € V(G). Then
o :=x=yV3Iz(Y(z) NE(z,y))
induces a mapping F : 2V(6) 5 2V(C) with

F(W)={v}u [J N(w) C {v}uwun(w),

where
N(w) :={ve V(G) | w e E(G)}
N(W) = ] Nw)\W.

wew
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Thus, X! = {v}, X2 = {v} UN(v) and for every i € N
y

X = {w € V(G) | the distance between v and w is at most i — 1}.
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Thus, X' = {v}, X*> = {v} UN(v) and for every j € N
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Therefore,

G = path[v,w] <= thereis a path from v to w in G



Connectivity (cont'd)

Thus, X' = {v}, X*> = {v} UN(v) and for every j € N
X = {w € V(G) | the distance between v and w is at most i — 1}.
Therefore,
G = path[v,w] <= thereis a path from v to w in G
And

G = Ix x = x AVxVy path(x,y) <= G is connected.
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Connectivity in digraphs

Let D be a directed graph. Then
D |= path[v,w] <= thereis a (directed) path from v to w in D
Consider dag := Vx—3y(path(x, y) A E(y, x)). Then

D Edag <= D is acyclic.

Let
dtree := dag
A Hx(VyﬂE(y,x) AVX (X # x — EyE(y,x')))
AVx—3y1 3y (y1 £ ya A E(y1, x) A E(yg,x)).
Then

D |=dtree <= D is a directed tree.
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Background in complexity theory

A polynomial time algorithm (90, p) consists of
> a deterministic Turing machine 91,
> a polynomial p = p(X) with nonnegative integer coefficients.

(90, p) accepts an input string x € {0,1}* if the computation of 9T on input x
reaches an accepting state in at most p(|x|) steps.

PTIME is the set of all decision problems £ C {0,1}* that can be decided by a
polynomial time algorithm.

NP is the set of all decision problems £ C {0,1}" that can be decided by a
nondeterministic polynomial time algorithm.
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Representations of structures

In descriptive complexity, instances of algorithmic problems are modelled by
finite structures, e.g.

3-COLOURABILITY := {G | G is a graph which can be 3-coloured},

instead of
{s € {0,1}" | s encodes a 3-colourable graph}.

Conversely, we need to encode structures by strings, so that algorithms can
operate on them.

The standard representation scheme used in descriptive complexity theory
generalises the adjacency matrix representation of graphs.
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The standard representation of ordered structures

Fix a vocabulary 7 = {Ry, ..., Re} with <¢ 7. The standard representation of
ordered 7 U {<}-structures is a mapping

(+):0[ru{<}] —A{0,1}7,
where O[T U {<}] is the class of all ordered 7 U {<}-structures.
Let A € O[r U {<}] with
V(A) ={w,...,Vo—1}

A

and vo<?*wvi <P <P vl pairwise distinct.
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For each R € 7 with k := arity(R) we define a string
(R(A)) = bo.... b1,

where m := n* and for each i = Zle a;n*~J with a,...,ak € [0,n— 1], we let

by e 1 if (vay,.-.,Vva) € R(A)
"7 10 otherwise.
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The standard representation of ordered structures (cont’d)

For each R € 7 with k := arity(R) we define a string
(R(A)) = bo.... b1,

where m := n* and for each i = Zle a;n*~J with a,...,ak € [0,n— 1], we let

by e 1 if (vay,.-.,Vva) € R(A)
"7 10 otherwise.

Then
(A, <) == 0"L{Ry(A))(Ra(A)) ... (Re(A)).

For a property P C O[r U {<}], let
L(P) = {{(A <" | (A< e P}
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We represent an (unordered) 7-structure A by a language
L(A) := {(A, <) | <" linear order of A}.

For a property P of T-structures, we let

£(P):= | L(A).
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The standard representation of arbitrary structures

We represent an (unordered) 7-structure A by a language
L(A) := {(A, <) | <" linear order of A}.
For a property P of T-structures, we let

£(P) = |J L(A).

AEP
Equivalently, £(P) = L(Pg), where
P< = {(A, <M | A€ P and < linear order of A}
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Canonical representation

When representing a graph G by (the binary string of) its adjacency matrix
m(G), we implicitly fix an ordering of V(G). Ideally, we would like to have

G2xH < m(G)=m(H),
i.e., the representation is canonical.

Remark. [If there is a polynomial time computable representation that is
canonical, then the graph isomorphism problem is in PTIME.

Remark. The standard representation of ordered structures is canonical.

Theorem (Grohe, 2010)

Let C be a class of graphs which excludes a minor. Then there is a polynomial
time computable canonical representation on C. Moreover, such a
representation can be defined in |IFP plus counting.
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Logics capturing complexity classes

The first working definition: A logic L captures a complexity class K if for every
vocabulary 7 and every property P of r-structures,

P is L-definable <= L(P) € K.

(There are some pathological examples under this working definition.)

Let C be a class of structures. L captures K on C if for every vocabulary 7 and

every property P of 7-structures the following two statements are equivalent:
(i) There is an L-definable property P’ of r-structures with PNC =P’ NC.
(ii) There is a language £’ € K such that £(P) N L(C[7]) = £' N L(C[7]).
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Fagin's Theorem

Theorem (Fagin, 1974)

Existential second-order logic ¥1 captures NP.

Second-order logic SO = FO+ existential and universal quantification over
relation variables.

Existential second-order logic X1 is the fragment of SO consisting of all
formulaes of the form X
IX1 ... Xk,

where Xi, ..., Xk are relation variables and ¢ is a first-order formula.
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Immerman-Vardi Theorem

Theorem (Immerman and Vardi, 1982)
IFP captures PTIME on the class O of ordered structures.

Remark. Without order, IFP cannot define EVEN.
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Proof of Immerman-Vardi Theorem

Lemma
There is an algorithm that, given a sentence ¢ € IFP[T] and an T-interpretation
(A, @), decides if (A, ) |= @ in time |A]°U0#).

Proof.

We evaluate formulas recursively. The nontrivial case is
o= ifp(X)? « ¢)>?’.

The algorithm iteratively computes the stages X' of the fixed point iteration.
To compute X™*! from X', it goes through all 3 € Al and evaluates 1

(Aa(x'/x.3/7)).

The iteration stops if X' = X' which must happens for some i € |V(A)|%.
Then the algorithm return “true” if a(X') € X'. O



Proof of Immerman-Vardi Theorem (cont'd)

Lemma

For every vocabulary T and every polynomial time algorithm (9, p) that
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Proof of Immerman-Vardi Theorem (cont'd)

Lemma

For every vocabulary T and every polynomial time algorithm (9, p) that
decides a property Poy of ordered T-structures, there is a sentence ¢ € L that
defines Pox.

Proof.
> W.l.o.g, we only consider those A’s with n:=|V/(A)| > 2.
> Let m = m(n) be the length of the string (A).

» Choose k large enough such that 2p(m) 4 1 < n* for all n > 2 and 9 has
at most 2¥ states and 2 symbols in its alphabet.
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k
7] =1+ it € [0,
j=1
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Let A € O[r] with V(A) = {vo, e vn,l} with vo <A vi <o <P v

Each k-tuple vV = (vj, ..., v ) of elements of V(A) represents a number
k .
7] =1+ i e 0],
j=1

Suppose that 9 has t tapes.

It suffices to consider the first p(m) steps of the computation of 91 on input
(A). In these steps, on each tape only the p(m) tape cells left and right of the
initial position can be used.

Overall, we can index the steps of the computation and the tape cells that can
potentially be used by numbers in

[2p(m) +1] C [nk] .
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Proof (cont'd)

A configuration of 9t in the computation on input (A) can be described a tuple
(g, T1,..., Tt), where

> q € [n*] represents the state,
» T; C [nk]2 is a a binary relation that contains a pair (b, ¢) if any only if
the bth cell on the ith tape is labeled by the symbol represented by c.
The whole computation can be described by a tuple (Q, S1,...,S:), where

» QC [nk]2 is a a binary relation that contains a pair (a, b) if any only if
the state in the ath step of the computation is b,

> S C [nk]3 is a ternary relation that contains a pair (a, b, ¢) if any only if
in the ath step of the computation the bth cell on the ith tape is labeled
by the symbol represented by c.

Via the encoding || - ||, we may view (Q, S1,...,S;) as a tuple of 2k and 3k-ary
relations over V(A).
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We can define a simultaneous IFP-formula

X5%  « x(3%
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Y(Z,X) =ifp| . . ZX

Ytzyyl — 5:(2,}7,}7/,)(7 Y17"',Yf)



Proof (cont'd)

We can define a simultaneous IFP-formula
XZX ~ x(Z,%X
Yl?yy/ — 51(27}77}7
w(f, )?) = pr . . zZX

Ytzyyl — gf(fvy,yl,x7 Y17'~',Yf)

where
» X is a 2k-ary relation variable,
> the Y; are 3k-ary relation variables,
> Z, X, ¥,y are k-tuples of individual variables,

> the simultaneous fixed point (Xc’o7 Yoo, ..., Yt°°) in A is precisely our
description (Q, S1, ..., S:) of the computation of 9.
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The quest for a logic capturing polynomial time

The main open question in descriptive complexity theory:

Is there is a logic that captures PTIME on all and not just
ordered structures?

The question was first raised by Chandra and Harel in 1982 in the context of
database theory with a different formulation.

Gurevich gave the current formulation in 1988 and conjectured the answer is
NO, which would imply that PTIME # NP.
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Abstract logics

An abstract logic L consists of
> a set of L[r]-sentences for each vocabulary 7,

> a mapping that associates a property P, of T-structures with each
L[7]-sentence .

Let L be an abstract logic and C a class of structures. Furthermore, let P be a
property of 7- structures.
A sentence ¢ € L[7] defines P on C if P, NC =PNC.

An algorithm 2 decides P on C if for all A € C[r] we have: if A€ P then 2
accepts all x € L(A), and if A ¢ P then 2 accepts no x € L(A).
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Logics capturing PTIME

Let L be an abstract logic and C a class of structures. Then L captures PTIME
on C if it satisfies the following three conditions: Let 7 be a vocabulary.

(C.1) The set of L[r]-sentences is decidable.

(C.2) There is an algorithm that associates with every sentence ¢ € L[7] a
polynomial time algorithm 2( that decides P, on C.

(C.3) For every polynomial time algorithm 2l that decides a property Py of
T-structures on C, there is a sentence ¢ € L that defines Py on C.

Furthermore, L captures PTIME if L captures PTIME on the class S of all
structures.

Compared to the previous working definition, we require that the mapping
¢ — a polynomial time algorithm that decides P,

is computable.
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Why the new (C.2)?

For every vocabulary 7, let P{,P;,P3,... be an enumeration of polynomial
time decidable properties of 7 structures (not required to be computable).

We let L be the “logic”:
» L[7] :== NT for every T,
» A= @ if A€ P; for every T-structure A and ¢ € L[r].

L satisfies (C.1) and (C.3) but not (C.2).
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The logics FO and IFP all satisfy (C.1), and (C.2) for the class of all structures
and hence also for every other class C of structures.

Neither of them satisfies (C.3) as they cannot define EVEN.
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Why should complexity theorists care?

Theorem
If there is no logic capturing PTIME, then PTIME # NP.

Corollary (C. and Flum, 2009)
If there is no logic capturing PTIME, then E # NE, i.e.,

DTIME(2°") % NTIME(2°™).
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Some partial positive results

Theorem (Grohe, 1998)
The logic IFP + C, IFP plus counting, captures PTIME on all planar graphs.

WHY GRAPHS?

Theorem (Folklore)

There is a logic capturing PTIME if and only if there is a logic capturing
PTIME on all graphs.

Theorem (Grohe and J. Mariio, 1999)
IFP + C capturing PTIME on all graphs with bounded tree-width.

Theorem (Grohe, 2010)
IFP + C capturing PTIME on every class of graphs that exclude a minor.
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