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Background

@ The International Obfuscated C Code Contest was a programming
contest for the most creatively obfuscated C code, held annually
between 1984 and 1996, and thereafter in 1998, 2000, 2001, 2004,
and 2006.
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@ In many cases, the winning programmer did something simple in such
an obscure but succinct way that it was hard for other (human)
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pre-assigned, computably axiomatized, powerful, true theories T.
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Background

@ The International Obfuscated C Code Contest was a programming
contest for the most creatively obfuscated C code, held annually
between 1984 and 1996, and thereafter in 1998, 2000, 2001, 2004,
and 2006.

@ In many cases, the winning programmer did something simple in such
an obscure but succinct way that it was hard for other (human)
programmers to see how his/her code actually worked.

@ By contrast, the interest herein is in programs which are, in a sense,
easily seen to be correct, but which cannot be proved correct in
pre-assigned, computably axiomatized, powerful, true theories T.

@ Our programs will be linearly relatively succinct and fast — relative to
what, we'll see. We'll employ a few frames for the needed
complexity-theoretic computability theory. [f)
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Mathematical Preliminaries |

o Let o™ be the efficiently laid out and Godel-numbered acceptable
programming system (numbering) from [RC94] and which is based on
deterministic multi-tape Turing Machines (with base 2 1/0). Its

programs are named by numbers in N def {0,1,2,...}.
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e For p, a numerically named program in ¢ ™ let |p| = the length of p
written in binary, which = ([logy(p + 1)])+.
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o Let o™ be the efficiently laid out and Godel-numbered acceptable
programming system (numbering) from [RC94] and which is based on
deterministic multi-tape Turing Machines (with base 2 1/0). Its

programs are named by numbers in N def {0,1,2,...}.

o Let ®T™ be the corresponding step-counting Blum Complexity
Measure.

e For p, a numerically named program in ¢ ™ let |p| = the length of p
written in binary, which = ([logo(p+1)])+. (-)+ turns O into 1;
else, leaves unchanged.

@ The numerical naming mentioned above does not feature prime
powers and factorization, but, instead, is a linear-time computable
and invertible coding. [f)
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From [RC94, Lemma 3.14]:
if-then-else € LinearTime st,

There are small positive a € N and function

for all po, p1, p2,x € N:
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From [RC94, Lemma 3.14]:

There are small positive a € N and function if-then-else € LinearTime st,
for all po, p1, p2,x € N:

ea(x), i @pM(x)|# O;
Ppy (%), if o (x) 1= 0;
T, otherwise;
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There are small positive a € N and function if-then-else € LinearTime st,
for all po, p1, p2,x € N:

ea(x), i @pM(x)|# O;
Ppy (%), if o (x) 1= 0;
T, otherwise;

™
(pif—then—else(po ,P1,p2) (x)

™
if—then—else(po,pl,pz)(X) -

a- (®Mx) + O M)y, if oA M(x)1# 0;
a- (OIM(x) + M (x))4, ifprM(x)|=0;

T, otherwise.
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Mathematical Preliminaries IlI

Essentially from [RC94, Theorem 4.8] we have the following constructive,
efficient, and parametrized version of Kleene's 2nd (not Rogers’) Recursion

Theorem [Rog67, Page 214].
There are small positive b € N and function krt € LinearTime st, for all

parameter values p, tasks r, inputs x € N:
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There are small positive b € N and function krt € LinearTime st, for all

parameter values p, tasks r, inputs x € N:

Plert(p.r) () =07 ((krt(p, 1), p, x)).

Above, krt(p, r) has p, r stored inside, and, on x, makes a self-copy, forms
y = (self-copy, p, x), and runs task r on this y.
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Theorem [Rog67, Page 214].
There are small positive b € N and function krt € LinearTime st, for all

parameter values p, tasks r, inputs x € N:

Plert(p.r) () =07 ((krt(p, 1), p, x)).

Above, krt(p, r) has p, r stored inside, and, on x, makes a self-copy, forms
y = (self-copy, p, x), and runs task r on this y.
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Mathematical Preliminaries |V

o Let T be a computably axiomatized first order (fo) theory extending
fo Peano arithmetic — with numerals represented in base 2 to avoid
size blow up from unary representation (for how, see [Bus86,

Page 29]) — and which proves no false sentences of fo arithmetic.
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could be, for example: fo Peano arithmetic, the two-sorted fo Peano
arithmetic permitting quantifiers over numbers and sets of numbers
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Page 29]) — and which proves no false sentences of fo arithmetic. T
could be, for example: fo Peano arithmetic, the two-sorted fo Peano
arithmetic permitting quantifiers over numbers and sets of numbers
[Rogb67] (a so arithmetic), ZFC + ones favorite large cardinal axiom,
etc.

@ The theorems of T form a c.e. set, so we can/do fix an automatic
theorem prover for T.

e By [RC94, Theorem 3.20] a carefully crafted, time-bounded universal
simulation of any ¢ T™-program can be unformly slowed down by a
log log factor to run in LinearTime.

@ Let T -, E mean that a so slowed down, linear-time computable, .-
time-bounded version of this automatic theorem prover proves E [f)
from T within x steps — that's linear-time in (|E|+ |x]). /
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Main Result

Theorem

There exists computable g and small positive ¢, d € N such that, for any

p, ]Dg(p)] =2 and thereisa g € Dg(p) for which: apEM = anM; for all

x €N, OMM() < ¢ (pl+ x| + O5M(x)); |a] < d- |p

T QOEM = cng >.

; yet
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x €N, OMM() < ¢ (pl+ x| + O5M(x)); |a] < d- |p

T QOEM = cng >.

; yet

The proof on the next frame, a rubber wall argument, makes it easily
transparent that wEM = wEM. Hence, g is not obfuscated, yet its
correctness (at computing <pEM) is unprovable in T.
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Main Result

Theorem

There exists computable g and small positive ¢, d € N such that, for any
p, ]Dg(p)] =2 and thereisa g € Dg(p) for which: apEM = anM; for all
x €N, & M(x) < - (|p[+ |x| + M (x))i |al < d-|p

TH < piM= cng >.

; yet

q

The proof on the next frame, a rubber wall argument, makes it easily
transparent that wEM = wEM. Hence, g is not obfuscated, yet its
correctness (at computing <pEM) is unprovable in T.

From the time and program size complexity content of the above theorem,
q is nicely only slightly more complex than p.
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Proof of Main Result

Proof.

By two applications of linear-time krt, if-then-else & AE, x.T F, E, from
any @-program p, one can find in linear-time (in |pl), programs g1 (for
domain(ngM) 00) & g p (for domain(ngM) finite) behaving as follows.

o 2,
7 [f) $
, D

1743

J. Case & M. Ralston (CIS Dept, UD) Non-Obfuscated Unprovable Programs ALC 2011, Wellington 9/11



Proof of Main Result

Proof.

By two applications of linear-time krt, if-then-else & AE, x.T F, E, from
any @-program p, one can find in linear-time (in |pl), programs g1 (for
domain(ngM) 00) & g p (for domain(ngM) finite) behaving as follows.

o (x) = 14+ pp(x), ifT FXI<< Pqr, = Pp > (1)
di,p
©vp(x), otherwise.
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(pqlp(x) = . 92.p p
©p(x), otherwise.

Let g(p) be the canonical index of the set {q1 p, g2}
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©vp(x), otherwise.

0, if The< © = ©p >
(pqlp(x) = . 92.p p
©p(x), otherwise.

Let g(p) be the canonical index of the set {q1 p, g2}
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A canonical indexing ¢ [Rog67] & just for cardinality 2 yields
g € LinearTime.

J. Case & M. Ralston (CIS Dept, UD) Non-Obfuscated Unprovable Programs ALC 2011, Wellington




Proof of Main Result

Proof.

By two applications of linear-time krt, if-then-else & AE, x.T F, E, from
any @-program p, one can find in linear-time (in |pl), programs g1 (for
domain(ngM) 00) & g p (for domain(ngM) finite) behaving as follows.

o (x) = 14+ pp(x), ifT FXI<< Car, = Pp > (1)
qdi,p
©vp(x), otherwise.

i Ty — oy
O o (X) = 0, ! '<< Parp = Pp > 2)
92,p
©p(x), otherwise.

Let g(p) be the canonical index of the set {q1 p, g2} O

A canonical indexing ¢ [Rog67] & just for cardinality 2 yields
g € LinearTime. [f)

[CKO9] codes any size finite sets in cubic time & decodes in-linear-time. :
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Next Results
It's interesting to ask: can |Dg(,)|= 2 above be instead |Dg(p|= 17
For the natural acceptable programming system ¢ ™ it cannot:

Theorem
It is not the case that there exists computable g such that, for any p, for

g=28(p): o™ =M, yet TH< oo™ = oM >
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Next Results

It's interesting to ask: can |Dg(,)|= 2 above be instead |Dg(p|= 17

™

For the natural acceptable programming system ™, it cannot:

Theorem

It is not the case that there exists computable g such that, for any p, for
qg=g(p): gng = ngM, yet T <K (pEM = QDEM >,

Proof.

Idea: for ¢™ one can pretty much provably in PA fix point any
computable g. N.B. One need not (in general, cannot) prove in PA
arbitrary computable g's totality.

O
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Idea: for ¢™ one can pretty much provably in PA fix point any
computable g. N.B. One need not (in general, cannot) prove in PA

arbitrary computable g's totality. O
Subtlety: we can fully constructively provide and prove correct a
pathological representation of ¢™ for fo Peano Arithmetic (PA), so 1,
that the theorem just above fails; [f)
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Next Results

It's interesting to ask: can |Dg(,)|= 2 above be instead |Dg(p|= 17
For the natural acceptable programming system ¢ ™ it cannot:

Theorem

It is not the case that there exists computable g such that, for any p, for
qg=g(p): gng = ngM, yet T <K (pEM = QDEM >,

Proof.

Idea: for ¢™ one can pretty much provably in PA fix point any
computable g. N.B. One need not (in general, cannot) prove in PA
arbitrary computable g's totality.

O

Subtlety: we can fully constructively provide and prove correct a
pathological representation of ¢™ for fo Peano Arithmetic (PA), so .
that the theorem just above fails; we make not much about program
equivalence provable in T re this representation.
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