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Learning Criteria Unbounded Memory Criteria

Unbounded Data Memory Learning Criteria

A text for a non-empty c.e. language L (⊆ natural numbers N) is a
function T : N → N w/ range L. T for L is an order of presentation of L.

T [n]
def
= T (0), . . . ,T (n − 1).

Learners are partial computable functions h into programs/indices of an
acceptable system, Wp, p ∈ N, for the c.e. sets.
Some criteria of successful learning of classes L of non-empty c.e. sets:

For a ∈ {0, 1}, h witnesses L ∈ TxtEx
a [Gol67, CL82] iff

(∀L ∈ L)(∀T forL)[h is defined on each finite initial segment of
T & (∃k0)(∀k ≥ k0)[h(T [k]) = h(T [k0]) & Wh(T [k0]) =a L]].
Obvious, old-style, self-referential class [CL82], {c.e. L �= ∅ | for
the least p ∈ L,Wp =1 L}, witnesses (TxtEx

1 − TxtEx
0) �= ∅.

h witnesses L ∈ TxtSdEx [WC80] iff (∀L ∈ L)(∀T for L)[h is defined
on the range of each finite initial segment of T & (∃k0)(∀k ≥
k0)[h(range(T [k])) = h(range(T [k0])) & Wh(range(T [k0])) = L]].
Sd is for set-driven. Children may or may not be (locally)
sensitive to order of data presentation.
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Learning Criteria Bounded Memory Criteria

Bounded Data Memory Learning Criteria

ε
def
= the empty sequence. ϕ: acc. sys. for part. comp. funs.

h witnesses L ∈ TxtItEx [Wie76, WC80] (It is for iterative) iff
(∀L ∈ L)(∀T for L)(∃ total p)[h(ε) = p(0) & (∀k)[h(p(k),T (k)) =
p(k + 1) & (∃k0)(∀k ≥ k0)[p(k) = p(k0) & Wp(k0) = L]]].
h witnesses L ∈ TxtItCtrEx [CM08] iff (∀L ∈
L)(∀T for L)(∃ total p)[h(ε) = p(0) & (∀k)[h(p(k),T (k), k) =
p(k + 1) & (∃k0)(∀k ≥ k0)[p(k) = p(k0) & Wp(k0) = L]]]. k
counts number of (not necessarily distinct) data elements. Humans
note passing of data/time. [Köt11] compares counter types.
Not obvious, old-style, self-referential class,
({{�e, i� | i ∈ N} | ϕe(0)↑} ∪ {{�e, i� | i ≤ ϕe(0)} | ϕe(0)↓}),
witnesses (TxtItCtrEx− TxtItEx) �= ∅ [CM08].
We’ll employ herein a new-style, easy to think up, self-learning class
to witness this same separation. It can be shown very generally
that these self-learning classes witness a criteria separation iff
some class witnesses it [CK10a, CK10b, CK11a]!!!
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Not obvious, old-style, self-referential class,
({{�e, i� | i ∈ N} | ϕe(0)↑} ∪ {{�e, i� | i ≤ ϕe(0)} | ϕe(0)↓}),
witnesses (TxtItCtrEx− TxtItEx) �= ∅ [CM08].
We’ll employ herein a new-style, easy to think up, self-learning class
to witness this same separation. It can be shown very generally
that these self-learning classes witness a criteria separation iff
some class witnesses it [CK10a, CK10b, CK11a]!!!
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Data-Counter Power

Data-Counter Power

Our of-interest-for-this-talk separation (TxtItCtrEx− TxtItEx) �= ∅ (from
the just prior frame) follows from the following two theorems, the second
of which we’ll prove in this talk by means of the (to be defined)
Self-Learning Class for TxtItCtrEx.

Theorem ([KS95])

TxtItEx ⊂ TxtSdEx.

The one we’ll prove herein:

Theorem ([CM08])

(TxtItCtrEx− TxtSdEx) �= ∅.
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Proof The Self-Learning Class

Proof of (TxtItCtrEx− TxtSdEx) �= ∅

The defining learner, hTxtItCtrEx, for the self-learning class LTxtItCtrEx

for TxtItCtrEx merely runs each datum from a text as a program (on

inputs relevant for a TxtItCtrEx-learner): hTxtItCtrEx(ε)
def
= e0, a

W -program for ∅, and, for all p, x , k (p, prior conjecture; x , datum

from a text; k, data count), hTxtItCtrEx(p, x , k)
def
= ϕx(p, x , k).

The self-learning class for TxtItCtrEx, LTxtItCtrEx, is (by defn) the
biggest one TxtItCtrEx-learned by hTxtItCtrEx.

Suppose for contradiction learner h witnesses LTxtItCtrEx ∈ TxtSdEx.

By ORT [Cas74, Cas94] we obtain c.e. sequences of pairwise distinct,
self-other referential programs, ϕ-programs x0, x1, x2, . . ., and
W -programs d , c0, c1, c2, . . . with I/O behavior described on next
frame.

Each of these programs makes of copy of itself and the others
for use (in addition to their inputs) as data objects.
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Proof Diagonalization

The Diagonalization

For each j , let Wcj
= {x0, . . . , xj}. Let Wd = {x0, x1, x2, . . .}∞. One

of the Wcj
s and Wd will be ∈ LTxtItCtrEx & will defeat h at

TxtSdEx-learnability of LTxtItCtrEx. Metaphorically, the cjs and d are
soldiers; xi s, support staff.
For convenience, for each k, let findk =






1 + the least such j , if (∃j ≤ k)(∃q)[hk({x0, . . . , xj})↓
= q & xj+1 ∈ W k

q ];

0, if no such j exists.

Each findk algorithmically, k-time-boundedly, aggressively searches
for h overgeneralizing on a Wcj

. Else, passively “hopes” for Wd .
For each i , let ϕxi

(ε) = e0, and, for each p, x , k (p, prior conjecture;
x , current datum; and k data count), let ϕxi

(p, x , k) =
�

cj , if findk = j + 1;

d , otherwise.
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q ];
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�
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d , otherwise.
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Proof Case (1)

Case (1) of the Proof

Case (1). There is a counter value k so that findk = some j + 1.

Then, on any T for {x0, . . . , xj} = Wcj
, after the first xi , i ≤ j ,

appears in T , for any counter values k � beyond this point where k � is
also ≥ k, for any i � ≤ j and any p,

hTxtItCtrEx(p, xi � , k �)
def
= ϕx

i� (p, xi � , k �) = cj , a program for
{x0, . . . , xj}. Hence, hTxtItCtrEx TxtItCtrEx-learns {x0, . . . , xj},
which is, then, ∈ LTxtItCtrEx.

However, since, by Case (1), h({x0, . . . , xj}) = a q s.t. xj+1 ∈ Wq, h
fails to TxtSdEx-learn {x0, . . . , xj}, a contradiction.
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Proof Case (2)

Case (2) of the Proof

Case (2). Not Case (1), i.e., for each counter value k, findk = 0.

Then, on any T for {x0, x1, x2, . . .} = Wd∞, after the first xi appears
in T , for any counter values k beyond this point, for any p, i �,

hTxtItCtrEx(p, xi � , k)
def
= ϕx

i� (p, xi � , k) = d , a program for
{x0, x1, x2, . . .}. Hence, hTxtItCtrEx TxtItCtrEx-learns
{x0, x1, x2, . . .}, which is, then, ∈ LTxtItCtrEx.

By our assumption for contradiction, h must be defined on any finite
subset of {x0, x1, x2, . . .}. Then, for each j , for some qj ,
h({x0, . . . , xj})↓ = qj , yet, by Case (2), xj+1 /∈ Wqj

. Again by our
assumption for contradiction, h shown the sequence of finite sets
{x0, . . . , xj}, j = 0, 1, 2, . . ., must converge to some q, and, so, for
some j , q = qj , but xj+1 /∈ Wqj

= Wq. Hence, h fails to
TxtSdEx-learn {x0, , x1, x2, . . .}, a contradiction.
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Open Questions Re U-Shaped Learning What is U-Shaped Learning?

What is U-Shaped Learning?

A U-Shape in child cognitive development
[Bow82, MPU+92, SS82, SSO77, Car82, Sie04]: success, failure,
success.
For example, in learning irregular English verbs: spoke, speaked,
spoke.
Cognitive Scientists’ interest: How do humans achieve U-shaped
learning?
My interest: is U-shaped learning a harmless evolutionary accident?
Or is it needed by humans to learn enough to be competitive in the
genetic marketplace?
My more feasible question: is U-shaped learning mathematically
necessary for full learning power?
Under learning criterion I, it is convenient to define forbidding of
U-shapes: h witnesses L ∈ NUI iff h witnesses L ∈ I & on any
(text for any) L ∈ L, h never outputs conjecture sequence
p, . . . , q, . . . , r , where Wp = Wr = L, but Wq �= L.
Known [CM08]: NUTxtItEx = TxtItEx. Hence, U-shapes are
not needed to achieve the full power of TxtItEx-learning.
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Open Questions Re U-Shaped Learning What are the Open Questions?

Open Questions Re Bounded Memory U-Shaped Learning

TxtRclmBemnEx-learning is just like TxtItEx-learning — except
that the learner, in each iteration, also has access to:

Recollection of whether it’s ever seen before in the input text up to m
items it sequentially computes and queries, and
Memory of up to n text data items it decided in the prior iteration to
remember (then it can decide anew what to remember).

For m + n > 0, is NUTxtRclmBemnEx-learning strictly less powerful
than TxtRclmBemnEx-learning?
For m + n ≥ 0, is NUTxtRclmBemnCtrEx-learning strictly less
powerful than TxtRclmBemnCtrEx-learning?
I conjecture, Yes — to each — at least for m + n ≥ 3.
Relevant self-learning classes would witness the separations — when
there are separations! Hard part: what weaknesses of NU enable
diagonalizing out?
We know answers for mutilated variants of above criteria, e.g.,
when the prior conjecture is not remembered and the memory is
just for log2(m + 1) bits [CCJS07, CK10a, CK10b, CK11b].
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