MATH432 - 2024 Assignment 4 Due 5pm Friday 17 May.

Total marks available: 60

You may use results stated in the course notes, lecture notes, or from previous assignments,
but you should cite any results that you use. You should not use any other resources, printed
or online. This is not a collaborative assignment — your submitted work should reflect your
individual effort.
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Let M be a matroid on the ground set . Let C' be a circuit of M, and let e be an
element in £ — C. Prove that C is a union of circuits in the minor M/e. (5]

Let M be a matroid and let X be a subset of F(M). Prove that the set X is independent
if and only if, for every = € X, there exists a flat F, such that F, N X = X — x. [5]

Let F be a collection of subsets of a set E/. Prove that F is the set of flats of a matroid

if and only if the following conditions hold:

(F1) E€ F.

(F2) IfFl,FQ E.F, then FlﬂFg e F.

(F3) If F € F and {Fy, Fs,..., Fy} is the set of minimal members of F that properly
contain F, then the sets {F} — F, Fy — F, ..., F}, — F'} partition £ — F.

(You may use any of the axiom schemes from Theorems 6.1-6.4, including those for which
we have not seen proofs in lectures.) (8]

Let M be a matroid on the ground set F and let {X,Y} be a partition of E into two
sets, where X is non-empty. Let x be an element in X. Prove that x is in cI*(Y) if and
only if z is not in cl(X — z). [5]

Let {e, f,g} be a circuit and a cocircuit of a matroid M. Prove that M/f\g = M\ f/g.
(6]

A matroid is said to be round if every pair of cocircuits has non-empty intersection. Let
M be a round matroid, and let e be an element of E(M). Prove that M/e is round. [4]

(i) Give an example of a matroid M and a weight function w : E(M) — R having two
distinct bases of maximum weight (thus demonstrating that a solution output by
the greedy algorithm need not be unique).

(ii) Let M be a matroid and let w : E(M) — R be a injective (one-to-one) function.
Prove that M has a unique basis of maximum weight.

[6]



Q8. Let M be the rank-3 matroid shown below.
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Assume that M = M|[A], where A is the following matrix with entries from some field F.
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Here o, 8, v, 0, ¢, (, m, 0, k, A\, u, v, &, m, and p are elements of the field F.

(i) Determine which of {«, 8,7, d,¢,(,n,0, K, A\, u, v, &, 7, p} are zero, and which are non-
zero.

(ii) Give a brief argument that, up to scaling rows and columns of A, we may assume
each member of {(,n, k, A\, 1, &, p} is 1.

(iii) Prove that § =~ = 1.
(iv) Prove that e = 371,
(v) Prove that 1 —af +a =0.
(vi) Prove that a = 871 — 1.
(vii) Prove that 8+ 7! = 1.
(viii) Prove that M is not representable over GF(5). [10]

Q9. Let M be the rank-4 matroid on ground set {1, 2, ..., 8} whose set of non-spanning circuits
is

({1,3,7,8),{1,2,6,8},{2,3,4,5}, {2,3.6,7}, {4,5,6, 7} }.
(a) Explain why the matroid M is well defined (that is, how do we know that there is a
rank-4 matroid on this ground set with this set of non-spanning circuits?).
(b) Draw a geometric representation of M.
(¢) Show that this matroid is not representable over GF'(q) for ¢ € {2,3,4}.

(d) By explicitly constructing a GF'(7)-representation, show that this matroid is repre-
sentable over GF(7). [11]



