
Swing High Module Assignment
Mark McGuinness

Due: 3.00pm, Fri 1 Aug 2014.

1. Prove that the pendulum equation

θ̈ + ω2
0 sin θ = 0 , θ(0) = a , θ̇(0) = 0

has periodic solutions with period

P =
4

ω0

∫ π
2

0

dψ√
1 − k2 sin2 ψ

where
k2 = sin2(a/2) .

Hint: multiply the differential equation by θ̇ and integrate once. Think about
curves in the phase plane (θ, θ̇). The work in Lin & Segel (LS) p.56 Ex.9
may also help.

2. Use the above exact period P , and expand for small a to verify the approx-
imate improved period we obtained in lectures using Poincaré’s method:

P ∼ 2π

ω0

(
1 +

a2

16

)
.

3. In biological applications the population P of certain organisms at time t is
sometimes assumed to obey the logistic or Verhulst-Pearl equation

dP

dt
= aP (1 − P/E) (1)

where t is time, and E and a are positive constants.

(a) Determine the equilibrium population levels.

(b) Examine their stability.

(c) Use this information to discuss the qualitative behaviour of the pop-
ulation (that is, what happens as time increases?). Reinforce your
discussion by examining the levels of P at which P is increasing and
decreasing, respectively.

(d) Solve equation (1) exactly, and compare the results with your analysis
in (a), (b) and (c) above.



4. Assume all constants are positive in this question:

5. The equation for a damped harmonic oscillator is

mẍ+ aẋ+ kx = 0 ,

where mass m, damping a, and spring constant k are all positive parameters.
x(t) is the position of the mass m attached to a spring.

(a) Write the equation as a system of coupled first-order ordinary differen-
tial equations by introducing y = ẋ.

(b) Show that (x, y) = (0, 0) is a critical point.

(c) Describe the nature and stability of this critical point, and sketch solu-
tions near origin in the phase plane, in the following cases:

(i) a = 0

(ii) a2 − 4km < 0

(iii) a2 − 4km = 0

(iv) a2 − 4km > 0

(d) Interpret the results physically.


